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ABSTRACT 

The concept of component miniaturization is core in the production of sensitive components of 

the micro, nano and meso-scale. Vibration assisted micro-end milling is a miniaturized machining 

method that effectively produce these components. This paper presents the linear and nonlinear models 

describing the vibratory behavior of the sensitive system bearing in mind the amplitude stability 

phenomenon. The linear case is considered and solved analytically, the non-linear case is solved using 

differential transform method. With the aid of the developed solutions, parametric studies are carried 

out and the results are discussed. It is hope that the present study will help the manufacturing industry’s 

desire for maximizing metal removal rates while maintaining acceptable surface finish and tool life 

especially in the micro machining of various components for industrial applications, medical and energy 

industries. 

  

Keywords: Vibration assisted micro-milling, Multidimensional vibration, Dynamic analysis, Stability, 

Micro-milling 

 

 

 

1.  INTRODUCTION 

 

Machining, as a process of transforming a component into finished product of 

geometrically predetermined shapes and forms, comes with the ultimate goal of maximizing 
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profit and reducing losses in the most efficient way possible. In such process, the concept of 

component miniaturization is core in the production of sensitive components of the micro, nano 

and meso-scale. Vibration assisted machining (VAM) is a miniaturized machining method that 

engages a periodically controlled vibration with a small amplitude forced on the workpiece or 

the cutting tool. This type of machining improves the machining process by enhancing the 

material removal rate, surface finish, tool wear, a tool life and the overall surface finish. In fact, 

the engineering of producing quality delicate part at micro scale especially in the field of 

aerospace and telecommunication has brought micro milling as one of the new frontiers in the 

machining process. The application of the vibration assisted machining to the micro-machining 

gives a type of machining process called Vibration assisted micro-machining. However, the 

dynamic behaviour and the stability of such machining process have aroused the interests to 

various researchers. Consequently, a number of research works has been presented on the type 

of machining process. Xiao et al [1] performed time-domain simulation for cutting stability in 

convectional machining (CM) and vibration-assisted machining (VAM) giving force and 

vibration levels for selected cutting conditions. The result showed that VAM can suppress 

chatter and increase cutting stability under the selected cutting conditions regardless of the tool 

geometry. Few years later, Tabatabaei et al [2] applied the conventional frequency domain 

method to obtain the stability lobe diagram (SLD) for vibration-assisted machining (VAM). 

The approach adopted in their work cannot be used to analyze the effect of vibration 

frequency on cutting stability.  

The cutting process dynamics has an important part in the study of the various 

characteristics of the machining processes such as the positioning accuracy of the cutting tool 

with respect to the workpiece, the roughness of the machined surface, dynamic stability and 

geometrical error of the machined component. Therefore, Bao and Tansel [3] submitted 

analytical cutting force model for the micro-end-milling operations. In the work, the differences 

in the tool tip trajectory between micro end milling and the conventional end milling was 

considered. A year later, Fan and Miller [4] presented force modeling in vibration assisted 

cutting while in the same year, Dow et al. [5] a vibration assisted machining using elliptical 

tool motion was studied. Hanna and Tobias [6] carried out a study on face-milling and turning 

processes, where both cutting force non-linearities and structural non-linearities are considered. 

Altintas and Budak [7] presented detailed analysis on the stability of the machining processes. 

Budak and Altintas [8, 9] submitted an analytical prediction of chatter stability. Luo et al. [10] 

investigated the appearance of the dynamic instabilities especially chatter phenomena. It was 

concluded in these research works that vibration assisted machining applied to the conventional 

milling improves the overall cutting performances of micro milling. 

A multi-dimensional vibration assisted micromachining was introduced in the late 1990s. 

This type of machining has been proven to be very efficient as it leads to reductions in the tool 

force [11, 12], improves machining accuracy [13, 14], and prolongs tool life [15] compared to 

the one-dimensional vibration assisted micro-milling Also, the multi-dimensional vibration 

assisted micromachining increases surface roughness, reduces tool wear, improved machining 

efficiency, surface quality and the tool life. This makes two-dimensional vibration assisted 

micro end milling an effective method of machining compared to the conventional way of 

machining [16-19]. Major setbacks of the electro discharge machining (EDM) which leads to 

increased production time and cost [20-27] and in conventional micro-milling such as the 

unpredicted tool life, premature failure of the micro tools, raid deterioration of the cutting-edge 

radius [25-28] have the overcome by the multi-dimensional vibration assisted micromachining.  
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Quite a few research works have been carried on the multi-dimensional vibration assisted 

micro end milling some of which are channeled into cutting parameters effects, validation and 

evaluation. Moreover, the milling processes involves more of complexity and therefore various 

research works in this field are often are tailored into studying the effect of cutting parameters 

or the external forcing functions on the system while stating assumptions to reduce the 

complexity involved. In such limit number of studies, Chen et al. [29] carried out experimental 

investigation on two-dimensional vibration assisted micro milling. The experiment revealed the 

micro milling process improves the machining accuracy and the surface roughness and prolongs 

the tool life. Due to better machining conditions and a reduction in the cutting forces.  Kang et 

al. [30] developed a mechanistic model of cutting force of micro end milling process, the model 

considered the tool-workpiece contact and cutting-edge radius. Zaman et al. [31] proposed a 

three-dimensional analytical cutting force model which calculates the theoretical chip area at 

any specific angular position of the tool cutting edge by considering the geometry of the cutting-

edge path. Chern and Chang et al [32] submitted that the vibration-assisted micro end milling 

can improve the cutting conditions this leads to high machining accuracy, and reduction in tool 

wear. Ding et al [33], investigates the machinability improvement of the hardened tool steel 

(HRC 55 and HRC 58) using 2-Dimensional vibration assisted micro end milling studying the 

effects of vibration parameters on machining parameters but using a linear chip thickness 

variation. However, the linear theory of machining depicts that at a certain depth of cut vibration 

becomes uncontrollable as the amplitude grow proportionately but this is actually not so in 

practice as the whole process stabilizes itself over time.  

Gao et al [34] compared the stability behavior of VAM with that of CM to gain better 

understanding of the chatter suppression effect of VAM.  

The small size of the cutting tool in micro milling processes, system parameter variations 

are of utmost important in order and needs to be kept at preferred level to secure continuity of 

process operations. The changes in the variation in stress distribution along the shaft of a micro 

milling tool is higher when compared to what happens in the conventional milling. This is due 

to the fact that in micro milling the feed per tooth to tool radius ratio has to be higher than in 

conventional milling to maintain optimum productivity. Therefore, the cutting force analysis is 

of core importance when analyzing micro-milling processes [3]. In this work, three-dimensional 

cutting force models combined with non-linear machine dynamics (which account for 

amplitude stability of the vibration-assisted micro-milling are analyzed. The models predict the 

dynamic behavior in all axis of rotation, the chip thickness and the cutting forces in vibration 

assisted micro-end milling. 

 

 

2. MODEL DEVELOPMENT FOR THE MACHINING PROCESSES 

 

In this section, the cutting force and vibration models for the vibration assisted micro-end 

milling are developed. 

 

2. 1. Force Model development  

Consider the vibration assisted micro-end milling as shown in Fig. 1. A frictional force 

which acts at the tool-workpiece contact surface is set-up as a result of the sliding motion 

between the two surfaces.  
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Fig. 1(a,b). Physical model of vibration assisted micro-end milling operation. 

 

 

Provided elastic recovery takes place in the workpiece flank face, the horizontal and 

vertical component of the frictional force can be expressed as [32]; 

 

1 2    
3 sin( )

e H
H

f

c c YbR V
F

E 
                                                                                                                  (1) 

(a) 

(b) 



World Scientific News 143 (2020) 224-261 

 

 

-228- 

1 2

sin( )

e H
V

f

c c YbR V
F

E 
                                                                                                                       (2)  

 

Considering only plane shear and the contact friction of the flank face of the micro cutting 

process. The normal component of the force and the friction acting on the shear plane can be 

expressed as; 
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Taking into consideration the tool edge radius, the principal cutting force and the tool 

edge radius can be expressed as, 

 

cos( ) sin( )C S S HF F N F                                                                                                   (5) 

 sin( ) cos( )T S S VF F N F                                                                                                (6) 

 

Integrating Eqs. (5) and (6) with respect to the tool angle, gives 
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The corresponding principal cutting force and thrusting force are obtained as 

 

1cos( ) Y

tan( )3sin( ) tan( ) 3 sin( ) tan( )

t t e H
C

f

f r f r c R V r
F

E

  

   
                                                                    (9) 

1cos( ) Y

sin( ) tan( ) sin( ) tan( )3 tan( )

t t e H
T

f

f r f r c R V r
F

E

  

   
                                                                   (10) 

The axial component of the cutting force for micro end milling is the vertical component 

of the principal cutting force and can be written as   
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The forces in x, y and z directions are given as  

cos( ) sin( )x T CF F F                                                                                                             (12)  

sin( ) cos( )   y T CF F F                                                                                                           (13) 

z AF F                                                                                                                                          (14) 

In Eq. (11), let 
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where   = axial depth of cut while 
1 , 

2 , 
3  are the normal, shear and horizontal force 

approximations for computational ease and dexterity.  

The 3-dimensional force model for the 2-dimensional micro end milling can written as 

  

  32

1 2 3 1cos( ) 3 sin( )
3 3

x

h
F h h h


     

 
       

 
                                                      (16) 

  32

1 2 3 1sin( ) 3 cos( )  
3 3

y

h
F h h h


     

 
      

 
                                                             (17) 

  32

1 2 3 1sin( ) 3 sin( )
3 3

z

h
F h h h


     

 
       

 
                                                        (18) 

2. 2. Model development for the Linear Dynamic Behaviour 

Consider the vibration of turning process represented as an excited mass-spring-damper 

system as shown in Figure 1. In the figure, the tool is compliant in x while the workpiece is 

assumed rigid. Taking into account the structural dynamics of the cutting zone, the vibration 

assisted micro end milling can be sufficiently model. A second-order forced spring-damper 

vibratory model in x, y and z directions is employed to represent the cutting tool and the 

workpiece system. Consider a homogeneous tool structural dynamic, therefore the vibratory 

system becomes 

 

tx t tx t tx t xm x c x k x F                                                                                                                       (19) 

 

ty t ty t ty t ym y c y k y F                                                                                                                             (20) 
 

.
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while for the workpiece, the equations of motion are,  

 

wx w wx w wx w wxm x c x k x F                                                                                                          (22) 

 

wy w wy w wy w wym y c y k y F                                                                                                                (23) 

.

wwz w wz wz w wzm z c z k z F                                                                                                                  (24) 

 

m, c, k and F represents the mass, the damper, the spring constants and the external forcing 

function on the vibration of the system, respectively. 

The initial conditions are 
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The solutions of the displacement for non-periodic forces are 
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While for the workpiece, the solutions are 
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The relative dynamic displacement of the tool and the workpiece on all the three axis is 

obtained separately by the difference in the opposing vibrations along the same axis.  

Therefore, the relative displacement in X, Y and Z becomes: 

 

t wX x x                                                                                                                                            (33)  

t wY y y                                                                                                                                                                 (34) 

t wZ z z                                                                                                                                                                   (35) 

2. 3. Model development for the Non-Linear Dynamic Behaviour  

Linear theory of machine tool chatter depicts that amplitude of vibration increases 

indefinitely once the depth of cut exceeds a critical level. Such description is not true with 

practice as the amplitude of vibration after an initial rapid increase undergoes stabilization by 

itself at a finite level. The amplitude stabilization in caused either by structural or the cutting 

process non-linearities. Therefore, the linear theory is incapable of explaining finite amplitude 

stability and as the same time cannot correctly depict the true vibrational behavior of the system 
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[6]. According to the work of Hannah [6] the damping coefficient is the hysteretic or structural 

damping and is giving as 

 

(t) (t)cx x
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The stiffness function is expressed as 
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Considering structural non-linearities of the spindle dynamics, the novel non-linear 

machine tool dynamics combined with the force model then becomes; 
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While the non-linear workpiece dynamics combined with the force model then becomes; 
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For example, the experimental constants in the nonlinear models for face milling are 

given by the work of Hannah and Tobias [35] as 

1

2 6

2Ib rad/in, 479.3 I/in, 264500 I/in , 1.87 10  Ib/in78250 K                      (46) 

For this research work the values of constants used are assumed to be unity in case of 

micro-end milling as there are experiments to compute their values for the down-milling case. 

 3 2

2 1xk x x x  
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2. 4. Chip Thickness Variation Models 

The cutting force is significantly influenced by the uncut chip thickness. The calculation 

of cutting force in micro-end-milling is largely dependent on the accurate computation of the 

uncut chip thickness.  

Li et al. [35] have shown that based on the true tooth paths, at a moment during the tool-

workpiece engagement in milling, the uncut chip thickness for a cutter tooth engaged in cutting 

can be determined through finding the intersection point of the path curve left by the preceding 

tooth and the line passing through the current tooth tip as well as the cutter axis.  

 

 

Fig. 2. The trochoidal trajectory of the tool tip for K = 2 micro-end operations [36]. 

 

 

According to the work of Tlusty and Macneil’s model the chip thickness variation in a 

conventional milling can be expressed as [31] 

 

 sinzh f                                                                                                                                                               (47) 

In micro-milling with a large ratio of feed per tooth to tool radius, the actual uncut chip 

thickness is different from that of conventional milling. The work of Bao and Tansel [3] for 

more accurate chip thickness model for micro-end milling is expressed as 

 

                                                          (48) 
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Fig. 3. The instantaneous uncut chip geometry calculations [35] 

 

 

From geometrical relationship the instantaneous chip thickness with respect to the cutting 

tool tip is computed as 

 

                                   (49) 

 

where D is the distance between the tool centers of the respective tool tip which correspond to 

time t and S is given by; 

 

     2 2
D= (k, t) x(k 1, ) y(k, t) (k 1, )x s y s                                                                    (50) 

 

 

3.  METHOD OF SOLUTION FOR THE NONLINEAR DYNAMIC MODELS:  

     DIFFERENTIAL TRANSFORM METHOD 

 

In order to solve the developed non-linear models, recourse was made to an approximate 

analytical method, differential transform method. The basic definitions of the method are as 
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follows. If ( )u x  is analytic in the domain T, then it will be differentiated continuously with 

respect to space x. 

( )
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where 
pU  is called the spectrum of ( )u x  at ix x  

If ( )u x  can be expressed by Taylor’s series, the ( )u x  can be represented as  
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where equ. (53) is called the inverse of )(kU  using the symbol ‘D’ denoting the differential 

transformation process and combining eq. (10) and eq. (12), it is obtained that 
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3. 1. Operational properties of differential transformation method 

If ( ) ( )u x and v x  are two independent functions with space (x) where ( )U p  and ( )V p  

are the transformed function corresponding to ( )u x  and ( )v x , then it can be proved from the 

fundamental mathematics operations performed by differential transformation that. 
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vi. If ( ) ( ) ( ),z x u x v x   then 
0
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The application of differential transform method to the nonlinear problem is demonstrated 

in this section. The DTM recursive relations for the governing equation of motion (Eq. (1)) of 

the system is  
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For the workpiece, the DTM recursive relations for the governing equation of motions 

of the system are  
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where ( )k  is the differential transform of the forcing function 

The initial conditions in differential transforms are 

 

           0 , 0 , 0 1 0, 1 0, 1 0t e t e t e t t tX x Y y Z z X Y Z                                          (61) 

 

           0 , 0 , 0 1 0, 1 0, 1 0w f w f w f w w wX x Y y Z z X Y Z                                   (62) 

 

The term by term analytical expressions for the solutions are too long to be included in 

this paper. Using the definition of DTM, the desired analytical solutions were established.  

 

 

4.  RESULTS AND DISCUSSION 

 

The simulated results using the developed solutions are presented and discussed in this 

section. Also, parametric studies are carried out and discussed. 

 

4. 1. Force Variations in the Feed Direction 

 

 
 

Fig. 4a. Force variation in feed direction for 0º - 90º 
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Fig. 4b. Force variation in feed direction for 90º - 180º 

 

 

 
 

Fig. 4c. Force variation in feed direction for180º - 270º 
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Fig. 4d. Force variation in feed direction for 270º - 360º 

 

The force variation in the feed direction follows a sinusoidal function of repeated pattern. 

This shows that the cutter experiences the same magnitude of force in a cycle of cut as the tool 

direction changes. 

 

4. 2. Force Variations in the Normal Direction 

 
 

Fig. 5a. Force variation in normal direction for 0º - 90º 
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Fig. 5b. Force variation in normal direction for 90º - 180º 
 

 
 

Fig. 5c. Force variation in normal direction for180º - 270º 
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Fig. 5d. Force variation in normal direction for 270º - 360º 

 

The force variation in the normal direction follows a sinusoidal function of repeated 

pattern but the cutter experience different changing magnitude of force in a cycle of cut as the 

tool direction changes, being maximum at 270o tool rotation angle and dropping back to a 

minimum level experienced at 180o. The force experienced here is selective of the angle of 

rotation. 

 

4. 3. Force Variations in the Axial Direction 

 
 

Fig. 6a. Force variation in axial direction for 0º - 90º 
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Fig. 6b. Force variation in axial direction for 90º - 180º 

 

 

 
 

Fig. 6c. Force variation in axial direction for180º - 270º 
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Fig. 6d. Force variation in axial direction for 270º - 360º 

 

 

The force variation in the axial direction follows a sinusoidal function of repeated pattern 

but the cutter experience different magnitude of force in a cycle of cut as the tool direction 

changes. The force increases as the tool rotation angle increases on the axial direction. Also, it 

is depicted from the analysis that the helix angle as the geometric compliment of the tool 

rotation angle and has a sensitive effect on the micro-cutting process. The helix angle 

determines the power, surface finish and the efficiency of cutting process. The former is also 

material sensitive and therefore there are preferred helix angle for different material to undergo 

cutting process. The higher the axial force the higher the axial force exerted by the tool on the 

holder and lesser the radial vibration of the tool and vice versa. The force exerted on the micro-

cutter increases as the tool rotation angle increases in the feed direction.  

The material considered in this research paper is an aluminum alloy AlT0061 which have 

its use extensively in the aerospace sector and naturally because of the high structural rigidity 

involved in the application of the material in this field of manufacturing, the helix angle 45º is 

the preferred selection as the micro-cutter experiences average force to machine this 

component. The force exerted on the micro-cutter increases as the tool rotation angle increases 

in normal axial direction.  

The micro-cutter experiences reduced force on this axis of rotation because it is the 

normal to the feed direction. For AlT0061 the tool helix angle 45 degrees is preferred because 

of the rigidity of the material of cut. At the axial direction the tool experiences more of the 

negative deflection of the force which means that as the tool helix angle increases the tool 

experience more axial force against the tool holder and lesser axial force in the direction of the 

material that is in cut. The same way in conventional cutting process increase in the tool angle 

increases the magnitude of the force felt in axial direction but lesser radial vibration.  
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4. 4. The linear tool dynamics: vibration behavior in the feed direction 

 
 

Fig. 7a. Displacement in feed direction for t = 0 - 0.1s 

 

 

 
 

Fig. 7b. Displacement in feed direction for t = 0 - 1s 
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Fig. 7c. Displacement in feed direction for t = 0 - 2s 

 

 

 
 

Fig. 7d. Displacement in feed direction for t = 0 - 3s 
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Fig. 7e. Displacement in feed direction for t = 0 - 4s 

 

 

 
 

Fig. 7f. Displacement in feed direction for t = 0 - 5s 
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4. 5. The linear tool dynamics: vibration behavior in the opposite feed direction 

 
 

Fig. 8a. Displacement in feed direction for t = 0 - 0.1s 

 

 

 
 

Fig. 8b. Displacement in feed direction for t = 0 - 1s 
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Fig. 8c. Displacement in feed direction for t = 0 - 2s 

 

 

 
 

Fig. 8d. Displacement in feed direction for t = 0 - 3s 
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Fig. 8e. Displacement in feed direction for t = 0 - 4s 

 

 

 
 

Fig. 8f. Displacement in feed direction for t = 0 - 5s 
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4. 6. The linear tool dynamics: Actual vibration behavior in the feed direction 
 

 
 

Fig. 9a. Displacement in feed direction for t = 0 - 0.1s 

 

 

 
 

Fig. 9b. Displacement in feed direction for t = 0 - 1s 
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Fig. 9c. Displacement in feed direction for t = 0 - 2s 

 

 

 
 

Fig. 9d. Displacement in feed direction for t = 0 - 3s 
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Fig. 9e. Displacement in feed direction for t = 0 - 4s 

 

 

 
 

Fig. 9f. Displacement in feed direction for t = 0 - 5s 
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Fig. 7a-e illustrate the vibration of the system in the feed direction while Fig. 8a-e depict 

simulation of the vibratory behaviour of the system in the opposite feed direction. Also, Fig. 

9a-e presented the actual vibration on the feed direction as a relative difference between the 

former and hence the amplitude of vibration increased. The figures show that the amplitude of 

vibration increases with increase depth of cut which supports machine tool theory. 

 

4. 7. The linear tool dynamics: vibration behavior in the normal direction 
 

 
 

Fig. 10a. Displacement in feed direction for t = 0 - 0.1s 

 

 
 

Fig. 10b. Displacement in feed direction for t = 0 - 1s 
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Fig. 10a-e shows the dynamic behaviour of the system in the normal direction to the feed. 

It is nearly the same except with little differnces. This shows the milling cutter experiences 

nearly the same vibration in both direction on the normal axis. The actual vibration experienced 

on the micro-cutter is lower than the one experienced on the feed direction. This is actually 

what is expected as the normal direction do not offer any resistance to the feed direction. 

 
 

Fig. 10c. Displacement in feed direction for t = 0 - 2s 

 

 
 

Fig. 10d. Displacement in feed direction for t = 0 - 3s 



World Scientific News 143 (2020) 224-261 

 

 

-255- 

 
 

Fig. 10e. Displacement in feed direction for t = 0 - 0.1s 

 

 

 
 

Fig. 10f. Displacement in feed direction for t = 0 - 1s 
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4. 8. The nonlinear tool dynamics: vibration behavior in the feed direction 

 

 
 

Fig. 11. Displacement in feed direction 

 

 

Fig. 11 shows the nonlinear behaviour of the tool in the feed direction. The response is 

true vibratory response of the system that has amplitude stability due to the nonlinearity 

introduced in the structural dynamics as the hysteretic damping. The hysteretic damping makes 

the vibration experienced by the tool not go beyond the micro-scale level because the system 

balances itself through internal damping of excess vibrations The milling cutter in vibration 

assisted micro-end milling experiences a balanced displacement provided the appropriate feed 

rate is selected.  

The system exhibits finite amplitude stability as the amplitude of vibration on this axis of 

cut is on the micro-scale. The amplitude of vibration is maximum when compared to other axis 

of cut which is due to the fact that the axis is opposite the feed direction. 

 

4. 9. The nonlinear tool dynamics: vibration behavior in the normal and axial directions 
 

Fig. 12 shows the simulated vibration behavior on the normal axis of rotation. Amplitude 

stability is also maintained due to non-linearity introduced by the hysteretic damping. The 

maximum amplitude of rotation experienced is lower than that experienced in the feed direction. 

The amplitude is stabilized to the scale of cut to any time of cut. The same behaviour is 

experienced in vibration behavior on the normal axis of rotation as depicted in Fig. 13. 
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Fig. 12. Displacement in normal direction 

 

 
 

Fig. 13. Displacement in axial direction 
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5.  CONCLUSIONS 

 

In this work, force as well as linear and nonlinear phenomena of chatter that occurs in the 

tool and the work piece during vibration assisted micro-milling processes have been modelled 

and analyzed. The obtained analytical solutions were used to determine the stability region of 

the machining processes involved. With the aid of the developed solutions, parametric studies 

were carried out. Also, the results show satisfactory agreement with earlier works 
 

 

Nomenclature 

 

e

m

h      Chip thickness                               (μm)      

η      axial depth                                     (μm)

R    Edge radius                                    (μm)

h     Minimum chip thic

H

z

1

kness                 (μm)

V    Vickers hardness parameter  

f      feed rate                                           (μm/s)

F    feedpertooth                                     (μm/tooth)

c     Experi

2

mental constant

c     Experimental constant

E    Elastic Modulus                                 (Pa)

b    width of cut                                         (μm)

Y Yield Strength                         2

f

           (N/mm )

σ    Flow stress

r     The tool radius                                    (μm)

θ    Relief angle                                         (°)

β    Tool helix angle                       

x

y

            (°)

θ    Tool rotation angle                               (°)

f     Shear angle                                          (°)

f     Phase angle in x-direction                    (°)

f     Phas

n

e angle in y-direction                    (°)

N    Number of teeth

k    Ordinal number of tool teeth

t      Time                                                      (s)

ω     Natural frequency           

1

2

                       ()

J      Experimental constant                           

ω      Palstance                                              (rad/s)

γ      Experimental constant

γ      Experimental constant 
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