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A Comparison of Mann and Ishikawa iterations
of quasi-contraction operators
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Abstract—It is generally conjectured that the Mann
iteration converges faster than the Ishikawa iteration
for any operator defined on an arbitrary closed convex
subset of a Banach space. The recent result of Babu
et al [1] shows that this conjecture can be proved for
a class of quasi-contractive operators called the Zam-
firescu operators[10]. In this paper it is shown that
the proof can indeed be generalised to that of quasi-
contraction maps.

Keywords: fized point, quasi-contraction, Mann itera-
tion, Ishikawa iteration. 2000 AMS Mathematics Clas-
sification: 47H10, 4,6A16

1 Introduction

Let X be a real Banach space, and C' a nonempty convex
subset of X. Let T is a self map of C, and let z, € C.
The Mann iteration (see [8]) is defined by

Tnt1 = (1 —ap)zy + Ty, (1)
The Ishikawa iteration (see [5], [8]) is defined by
(2)

3)

Yn4+1 = (1 - an)yn + anTZn

Zn = (1 - ﬁn)yn + /BnTyn
where {ay,} C (0,1), {8,} C [0,1).

The following result was proved in [1].

Theorem 1. Let X be a Banach space, C' a closed convex
subset of X, and T : C — C be a Zamfirescu operator
[10], i.e. an operator for which there exist the real
numbers a, b, ¢ satisfying 0 < a < 1, 0 < b, ¢ < 1/2
such that for each pair x,y € C, at least one of the
following is true:

(i) |Tz = Ty|| < allz —yl|;

(it) [| Tz — Tyl < bf||z — T=|| + |ly — Tyl;

(iti) | Tz — Tyl| < c[llz = Tyl + |ly — Tz[].

If (a) Y = 00 and (b) 0 < an,Bn < 1, then the
Mann iteration defined by (1) and the Ishikawa iteration
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defined by (2)-(3) converge strongly to the unique fized
point of T. Moreover, the Mann iteration converges
faster than the Ishikawa iteration to the fized point of T.

We want to show that this Theorem is true for a more
general class of operators, called quasi-contraction
operators.

Definition 1 [4]. Let T': M — M be a mapping of a

metric space (M,d) into itself. A mapping T will be

called quasi — contraction if for some 0 < k < 1 and all

z,y € M,
d(Tz, Ty) < kmax{d(z,y); d(z,Tx);d(y, Ty);
d(z,Ty);d(y, Tz)}

Berinde [3] showed that when X is a Banach space, the
Picard iteration converges faster to the unique fixed
point of Zamfirescu operator T than the Mann iteration.
This was confirmed to be true emperically on some
numerical tests performed with the aid of the software
package fixed point (see [3]).

The open problem posed by Berinde [3]: Does the Picard
iteration converges faster than the Mann iteration for
the larger class of quasi-contraction maps was answered
answered in the affirmative in [7].

When a Zamfirescu operator, (see Theorem 1 or [10]),
is defined on a closed convex subset of a Banach space,
the Ishikawa iteration converges [2]. It was shown in
[6] that the Mann iteration converges for these same
class of operators defined on a closed convex subset
of a complete metrisable locally convex space. It was
shown in [9] that the Mann and the Ishikawa iterations
are equivalent when dealing with Zamfirescu operators.
Babu and Prasad [1] further showed that the Mann
iteration converges faster than the Ishikawa iteration
for the class of Zamfirescu operators. Consequently, in
view of [3], the Picard iteration converges faster than
the Ishikawa iteration for these same class of operators.
For a more general class of operators, called the quasi-
contraction maps (Definition 1), it was shown in [5]
that the Ishikawa iteration for quasi-contraction maps
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converges to the unique fixed point of 7. Rhoades and
Soltuz [8] showed that the Mann iteration (1) and the
Ishikawa iteration (2)-(3) are equivalent when applied to
quasi-contractions.

It is therefore natural and important to ask which of the
two iterations, i.e. the Mann and the Ishikawa iterations,
converges faster when applied to quasi-contractions.
This paper shows that the Mann iterations converges
faster.

We need the following definitions for our results.

Definition 2 [3]. Let {a,}"=5° and {b,}"=5° be two se-
quences of real numbers that converge to a and b respec-
tively, and assume there exists

lan — a

|bn - b‘

[ =limp—oo

If I = 0, then we say that {a,}"=5° converges faster to
a than {b =8 to b.

Definition 3 [3]. Let {uy,}7=5° and {v, }7=5° be two fixed

point iteration procedures that converge to the same fixed

point p on a normed space X such that the error estimates
lun — |l < an, n=0,1,2,.... (4)

and

—pl| <bp, n=0,1,2,.... (5)

are available, where {a,}"=5° and {b,}'=5° are two
sequences of positive numbers (converging to zero). If
{an}n=r converges faster than {b,}n=5°, then we say
that {un 6° converges faster to p than {v, }I'=

[|vn

2 The Main Result

Theorem 2. Let C be a nonempty closed convex sub-
set of a Banach space X and let T : C — C be a
quasi-contraction map. Let {x,} and {y,} be the Mann
and Ishikawa iterations respectively defined by (1) and
(2)-(3) for zo, yo € C with {a,} and {B,} real sequences
such that (a) 0 < ap, Bn < 1 and >, o, = oco. Then
{zn} and {y.} converge strongly to the unique fized
point of T, and moreover, the Mann iteration converges
faster, than the Ishikawa iteration, to the fixed point of T'.

Proof. We follow the technique in [1] which was originally
used in [3]. The Ishikawa iteration defined by (2)-(3)
converges strongly to the unique fixed point of T (e.g. see
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[5]). Also, the Mann iteration converges strongly to the
unique fixed point of T' (e.g. see [8]). Since the fixed point
of T is unique [4], then both iterations must converge to
the same fixed point which we denote by p.

It is not difficult to see that the quasi-contraction map
satisfies the following inequalities

[Tz =Tyl < 6{[lz — y[| + [« — T} (6)
[Tz =Tyl < 6{[lx =yl + [ly — T=[|} (7)

for all z,y € K where 6 = max{k, ﬁ} Let {z,} be the
Mann iteration associated with T, then, in view of (1),
we have

—pl < (1 = an)llzn = pll + an|Tzn —pll. (8)
Suppose x = p and y = x,,, (6) becomes

[Tzn —pl| < bllan —p (9)
In view of (8) and (9), we have

[ent—pl < (1—an)|zn
= [1—a,(l-

|01

— pll + andllz, — pl
Nln — pl

Hence

|@ns1 —pll < H 1— o (1=0)]. a1 —pll, n=0, 1, 2, ...
) (10)

It is clear that
l—ap(1—06)>0Vk=0,1, 2,.. (11)

Similarly, let {y,} be the Ishikawa iteration defined in
(2)-(3), then, we have

lyn+1 —pll < (1 = an)llyn —pll + anl| Tz —p.  (12)
If t =pand y =z, in (7), we have
[Tz — pll < 6ll2n — pll + 8llzn — pll = 26|20 —pll (13)
If x =pand y =y, in (7), we have
1Tyn = pll < llyn — pll + 0llyn — pll = 20||lyn — pl|. (14)
We know that
|2 = pll < (1= Bu)llyn — pll + BallTyn —pll.  (15)
In view of (12)-(15), we have
lyne1 —pll < (1= an)llyn — pll + 200, |20 — Dl
< (1= an)llyn — pll + 20an[(1 = Br)
Hyn _pll + 5n||Tyn _pll]
— (1= an)llyn — Il + 26an(1 - B)
Hyn —p” + 250‘nﬂn”Tyn _pH
< (1= an)llyn — pl| + 200, (1 = Bn)
Hyn _p” + 25anﬂn25”yn - p”
= [(1—an)+ 20a,(1—0r)
+ 40 Bn0?]lyn — 1|
= [1—a,(1—25+28,0 —453,6%)]
lyn = pll
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Since (1 —28)(1 +26,0) < 1 —446% <1, it is clear that

1— (1 —26)(1426,0)>0¥n=0,1,2,... (16)
We consider the following two cases.
Case (1). Let 6 € (0,1/2]. Hence
1— (1 —20)(142B8,0) <1Yn=0,1,2,.... (17
(**) then becomes
[yn+1 =2l < llyn —pI ¥V 0 (18)
and hence
[Yn+1 =2l < llys —pl| ¥V n (19)

If we compare the coefficients of (10) and (19), and using
Definition 3 so that

n

an = [[11 = ar(1 = 8)] and b, =1, (20)
k=1

we have limy, o0 (an/bn) =0
Case (ii). Let 6 > 1/2. In this case we have

L —an(1—26)(1+28,0) <1—a,(1—45%)  (21)
and so (**) becomes

g1 = pll <[ = an(l = 48%)]lyn —pll V0 (22)
Hence

lynsr = pll < TT1 = an(1 = 46%)]lys —p|  (23)

k=1

Comparing (10) and (23) and using Definition 3, we have

an, = [[1—ar(1=0)] and b, = [ [1—ax(1-46)] (24)
k=1 k=1
Clearly, a, > 0 and b, > 0V n and §» =

b1 %. Also, since 1 —ag(1—6) < 1—ag(l—

462) for each k, then

min[l — ap(l = 6),k =1,2..n]
maz[l — ag(l —496),k = 1.2..n]

<1

Clearly [Tj_, T2 <
and limn_,oog—: =0.
Therefore in all the two cases {a,} converges faster than
{b,} and hence the Mann iteration converges faster than
the Ishikawa iteration to the fixed point p of T'.

min[l—ag(1—0), k=1,2...n] \n
(maa:[l—ak(l—45), k:1,2....n])

In [4] it was shown that the Picard iteration defined by
Tpy1 = Txn, n=0,1,2.... converges to the unique fixed
point of a quasi-contraction map 7" defined in Definition
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1 and converges faster than the Mann iteration. Further-
more, in [8], it was shown that the Ishikawa iteration and
the Mann iteration are equivalent for a quasi-contraction
map. In view of these results and Theorem 2, we have
the following result which is a generalisation of the
equvalence result in [1].

Corollary 1. The Picard iteration converges faster than
the Ishikawa iteration (2)-(3), to the fixed point of a
quasi-contraction operator defined in Definition 1.

Corollary 2 [1]. The Picard iteration converges faster
than the Ishikawa iteration (2)-(3), to the fized point of
a Zamfirescu operator defined in Theorem 1.

Remark. It should be observed, just like in the case of
Zamfirescu operators, that for a quasi-contraction oper-
ator T, the Picard iteration converges faster than the
Mann iteration [7], and the Mann iteration converges
faster than the Ishikawa iteration to the fixed point of
T (Theorem 2). Ishikawa has two parameters, {a,,} and
{Bn}, the Mann iteration has only one parameters {, }
while the Picard iteration has none. It appears that the
more the parameters for an iteration process, the slower
the rate of convergence. At least this is true in the case of
Picard, Mann and the Ishikawa iterations when applied to
quasi-contraction maps. It is therefore an open problem
whether this conjecture is true for other known iteration
procedures and for a more general class of operators.
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