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ABSTR‘ACT

Numerical solutions to Stlff problems have over the years been a

computatlonal problem. Linear Multlstep Methods (based on polynomlal

interpolation) which are popularly used 1n obtaining solutions to

Ordinary Differential Equations have some drawback when apphed to

stiff Initial Value Problems (IVPs). '||
A class of Mul iderivative Linear Multlstep Methods {MLMMs) of orders

2 to 7 is developed for stiff IVPs. The MLMM is applied to stiff
|

problems in Predictor-Corrector mode. The convergence, consistency
i

and the stability of these methods are inv.l?;.tigated and are shown to
|

be suitable for stiff IVPs. ‘i

Methods of orders two and four are showﬁ‘ to be accurate and reliable.
Numerical comparison of various methods in|terms of accuracy and rate
) T

of convergence are considered. ‘
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CHAPTER ONE
GENERAL INTRODUCTION

STATEMENT OF PROBLEM

Many physical, biological and management problems giving
rise to Ordinary Differential Equations {ODEs] cannot be solved
analytically, that is, in closed form.

The focus of interest in this work is the|mathematical model

y'=T(x,y), ya =n x¢|[a,b] oy 4D

where y = y(x), i =1,2,....k are known functions of x, a
and n are real known wectors given by
|

Vi = [v(), vy, @]

n= [0 0y ,.eu, Ny 17
There are also some ODEs that do have analytical solutions, but
with their numerical results being of greater interest and importance. .

Such problems therefore require the use (i)f numerical methods for

their solutions.
Various numerical approaches for dedling with these situations
do exist. One class among such schemes gis the discrete variable

methods Fafinla [9], Lambért [18]. Thisl class falls into two

distinct categories:
a) The One-step or Runge-Kutta (RrK) methods which are
essentially substitution methods. |

b) The Linear Multistep Methods (LNMMs) which are basically

polynomial interpolation schemes.




l
i
T Another group that combined the characteristics of :the two distinct classes

ay Ay a1 Ad 1

L Y

(2) and (b) is the Hybrid methods. |
Numerical investigation'of ODEs of the type (1.1) c!an broadly (D€ carried
out for problems regarded as stiff and non-stiff (sel-,e Gear [iZ]).

The R-K methods which has an advantage of being self-starting,

has a limitation with its explicit schemes; though an implicit s-stage

R-K methods which are A stable can attain order 2s. However for

stiff problems, the class of multistep methods has been a class of methods

often preferred. |'
' [

Often most multistep methods are of Adam's tgl‘rpe which are broadly
divided into Adam-Moulton and Adameashforth Melfthods (see Lambert {181).
In stiff problems, it is observed that stiffness isIEa property of mathematical
problems and not of the numerical method. Gener:ally, stiff equations'
are problems for which a typical solution is a rapi:dly decaying ex"pon.entially,
Lambert [19]. Their investigation numerically axle very tégious.-~ For this

. . .
reason, there has, been serious research attention| focussed on -this class

n
b3 T N TP . . e ) . | a
Woa A ATNTNENG, gy a S g e B A

l
of problems since: Gear introduced the code DIFSUB in 1871 [26].]
|
Hence the purpose of this study is to develop” a very efficient

numerical method for the solutions of stiff problems, an area which is

5" stil open for research, Fatunla [9] and Gear [13]. ",
‘ ; The approach employed in obtaining the soil:ution of (1.1) is
¢ g to derive a new version of multistep methods. ’lThe aasual Linear Multistep
’ ; Method (LMM) is extended to the case of Multiderivative Linear
) Multistep Method (MLMM). Thé-NLMM is a schel'!me which has been

. ’
" .
¥
B I

i I
- .
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i
considered for the solutilon of stiff IVPs by various;i authors." 'ﬁﬁright -
(7], Brown [23] and ~Twizel and Khaliq [27] have considered the MLMM
in various forms as a class of methods for the solultion of stiff IVP;:.- |
It will be shown that the new set of formulas proposed gives accurate
result comparable to other known methods. ‘ {

The work done in the derivation of the formulas proposed usually
involve .so.lving linear systems to determine the par?meters and constants
.governing the formula. The variation allowed in tﬁe formulas especially
the introduction of free parameters help in the accéracy of the method.

Like some other methods, the system (1.1) poélsesses a Jacobian

: _ o
matrix J(x) involving partial derivative o £/ oy -e*,'?xluated at (x,y(x)).
The case study of this work followed from tﬁe 'woflé"done by Cash [2]
and Twizel and Khe\lliq [27,28]‘.' They fitted an exponential function

into a test problem ]

Y'=aAy o, y(xy) =¥y 'E (1.2)

and a general second derivative linear k-step method was used for
' i
the case kK = 1. However, since the method is based on a second

derivative formula, the case k = 2 is of a paramounf interest.

We also propose & possible extension of the foﬁnula with
modifications to fitting it to functions other than ex;‘i)onential function.

Thus, appropriate modifications which improve on the efficiency
of the method for stiff problems are then carried ouit naving ensu=red
that necessary convergence, éonsistency and stabilify conditions are
satisfied. The more efficient and reliable algorithm Lis'then coded
and implemented on the digital computer.

The idea of integrating trapezoidal rule into the newly developed
scheme for stiff system" will be considered in chapteir three.
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Gear {12,13] stated that trapezoidal x'uleI; applied to stiff svstem;
gives slowly damped oscillatory errors. iiHowever, errors are
quickly damped for backward Euler scher'ne. The magnitude of
the error in the trapezoidal rule is contri{alled by step length

- I
choice and the result will still be acceptatl)le.

I
NUMERICAL STABILITY FOR STIFF EQUATIONS

The basic problem usually encounterdd when attempting to
o
L
obtain numerical approximation to the solu'lcion y(x) of stiff equation

of the form (1.1) is that of numerical :stab‘lility. The step length h
used in a numerical method to obtain é sol{'ltion usually cor}tributes

to the stability limitation of a method. Dall;quist [3,5] investigated

the special stability problem connected withﬁ'I stiff equations, a;u:i

introduced the concept of A-Stability. i

DEFINITION 1.1 (A-Stability) (Lambert,|‘1973)

|
A numerical method is said to be A-stable if the region of absolute

1

stability contains the whole of the left half-plane Relihj< 0.
i

Thus to overcome this stability limitation on the step size, h,
{

|
numerical methods for solution of stiff problelms have been sought
|
to possess Region of Absolute Stability (RAS) in the open left
|

half-plane Re( Ah) < 0. However, in areas of physical importance,
| .

I
that gave rise to system of ODEs, it is ofteninoticed that such
system of equations are inherently very stablé, but numerical,
i

methods often used are impractical because of severe step-size
i

restriction imposed by the requirement of absolute stability .
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1
This sort of difficulty was first -encoun|tlered in 1951 by
Curtis and Hirschfelder [24] in equations go‘verning masses
controlled by springs of different stiffness and it later became

known as stiff equation.

Consider a test problem
y=4y y(xg) =y, (1.3)

where y = (yl’yZ""’yn) , yj eR , Ais n xn real matrix

having eigenvalues ;‘j , 1= 1,...,n contained in the open left

half plane. F

Assume that J

Re ()

max —_— ) is large, U](—Hl the system of
Fy

equation (1.3) is inherently stable and the éxact solution 1

(x-x J)A { .
e 0 o . (1.4

!

tends to zero exponentially as x increases.

y(x) =

The difficulty faced with stiff equations is }that though the

componant of the true solution y(x) corresponding to X . , the

eigenvalues of A, soon become negligible, t%le restriction on siep

size imposed by the numefical stability of standard methods

j
requires that | A]. h| remain small in the range of integration.

L
Dalquist {3{, Gear [10, 12], Fatunla [E?j and some others
gave various concepts of stability regions w;hich helped in
|

obtaining methods satisfying some sort of stiability criteria in

the solutions of stiff problems. .
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' Inncamsideration of stiff problems, acé:uracy is an important

W1

factor of solution obtained. Hence one of ';Ithe stability property

|

L]

&1

o given by Gear suggested that systems are solved by methods

Lyl

whose stability region extends in the negat!‘ive real direction.
In order to satisfy good stability criterion hnd have solution with
, ‘

a very high accuracy, the work in this the{sis attempted to introduce
: i

some new algorithm based on some of the most recent numerical

. 1
methods suggested by Cash [2], Fatunlaf9], Twizel and Khaliq [28]
. i '

and Hull and Watt [(16]. |

1.3 LINEAR MULTISTEP METHODS . .

A Linear Multistep Method (LMM) with step number k for

solving (1.1) is given by

y = S f ;' 1.5

where aj and S]- are constants and not bot]l} ag, and Bu are

=0

SUE LS h"“‘*"‘m & v o oas @ wa B T I L T LU

zero, that is, ad + e,g > 0

Q;J 0y gy

B

P In order to remove the arbitrariness of a constant multiplier on
|

u:_)’.'

(1.5), we take ay =+ 1. (1.5) is said to be explicit if
|

By = 0 and implicit if otherwise. |

LEEN Y '“‘, &

Implicit methods require greater computational efforts but

are usually more accurate than the explicit one'.s for a given step

&

/Y

[

number k, Lambert [18]. Most LMMs are formulated by one of

AT

the following approaches:

(a) methods of undetermined coeffic:ients,l'l

B oA

o

' (b) numerical differentiation, and

W’

(¢) numerical integration.

vy A ~ T
o
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The last of these is the most efficient for stiff [problems. It

provides the avenues for error estimation andjerror analysis which

in effect facilitates step-size adjustment, Fatunla [9].

The conventional LMM is essentially seen as a polynomial
interpolation procedure, whereby the solution“ or its derivative is
replaced by a polynomial of appropriate degree iof the indebendent
variable whose derivative or integral is readily lobtained. Clearly,
linear k-step methods, k=1,2,... can be derivea from various 'k_nown
methods. Such methods of derivation include the Taylor series

approach, Newton-Cotes integration formulas and Newton-Gregory

interpolation algorithms. . |
The derivation of other LMMs which may m?t be included by the
approaches degcvribed abdove are found through the determination

.
of the order of such methods, (see Lambert {1}8] Ve

CLASSIFICATION OF LMM

The LMM known to be vast in:generating s_?lution to IVP can
be classified broadly into explicit and implicit schemes. Before
the advent of computer, it was a common practice to express the
right hand side of a LMM (1.5) in terms of a pofver series involving
finite difference operators. However, since dig'iial computer is
now available, it is more convenient to compute with a fixed LMM

and alter the step length, whenever there is den;]and for greater
i
accuracy. }
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The existence of characteristic polynomial in LMM has resulted
in further classification of LMM of different:step numbers which
share a common form of the first characteriétic polynomial p (£).
'fhus, methods for which all the spurious Ifoots_of the first charac-

teristic polynomial are located at the origin such that

k _, k-1 f

P(E) = £ -8 ,

are called Adams methods. They are known to be zero stable
‘ _

(Lambert [18}). -Adams methods which ar'é explicit are called Adams-

Bashforth methods, while the implicit Adams methods are Adams-Mouiton.

Comparison of explicit and implicit LMMs reveals that the implicit
schemes are more accurate with better sta:a.bilit_y properties than the
explicit ones, for a given steﬁ number K. Furtherfnore, the highest
attainable order for a zero stable method: is less in the case of
an explicit method than ah implicit one. :The' explicit methods are
often used for initial evaluation of values especially when implicit
scheme is being used. |

Thus for higher accuracy, the combination of these two
methods is often preferred to serve as “I Predictor and' Corrector
(P-C) schemes. The explicit method usually serve-as Predictor
while the Corrector method is implicit iIF; nature.

For every implementation of P-C methods, three steps are

involved. These are given below as follows:

|

i
i



Step 1 Predict the star ting value {0} by
n+k
k-1 :
[O] k-1
: 1 = h i f 1 - ~ - .
g Ttk ]'EOBJ n+) ‘ }':ZU * yn-lLJ
' ; [r]
2 Eval f
Step valuation o fn+k by
(r] ‘ [r]
E: f = f . . ._—10.1,2..'.
n+k L Yneg ) 0 0 e
[r]
St 3 C ti f b
ep orrec .on 0 yn+k v I
: Ar+1) k-1 ) |
¢ }.I‘H-k = h Bk fn~0—k * ]'—‘FO ( th fn+j cx}_ }n+j )

A combination of the three steps is caIIed PEC mode. There

are two ways in which this mode can be 1mpJemented This can

either be in the mode P(EC)™ orp P(EC)mE for some positive.

integer m, sece Lambexrt T1s],

Generally, it is observed that LMM is Ilmlted In genavraking

o<}

solution for ‘various classes of IVP, especially stiff problems.

-

The draw back centered on the inability of tthe Backwarg pifferentiacie,

Formula (BDF) and indeed the LMM to cater for the fast decaying

L

A
.;‘J s 4

€xXponentia] broperty of stiff problems as dlscussed in section 1.1,

1 f Thus due to this limitation of the LMM, the con‘cept of Multiderivative
: 5 Linear Multistep Method (MLMM) is being con51dered for 8enerating
'iq'- y solution o stiff problems. Appropriate modlflcations that improved
!: p‘ On the efficiency of this new method for stiff equations are then

f carrled out. This is then coded ang implemented on the digital

3

Computer
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*
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1.5 MULTIDERIVATIVE FORMULAE \
-
The general Multiderivative Linear Muitistep Method (MLMM) \

is given by the formula \Tw
5 R, ) (1.6) j

o 3 Tmi Tk Ti s Tayy Y

where fni;) are the i-th derivative of f;(x,y) evaluated at

(x

|
n+j’ Ynei)- [

tarticular, is the second

derivative LMM obtained from (1.6) when n = 2,

The method of interest in this work, in p

Then we have

k k 2
Lo, . = h . f .+ h" 5 v, . 1.7
j:(}a] yn*‘l j:gB] n+j j:oYJ gnﬂ (1.7
df(x,y)
wher . = , = 2
ere g4 = 80X, y) | =
and B] = TI,J ] Y]‘ -Tz’]
“x =+ 1, and not all Yj » 7 =0,1,...,k are zero satisfying
k
La? >
=0 ]

The attainable order for nth—derivative linear k-step method

is given by kn+k+n-1 for implicit methods and kn+k-1 for explicit

ones. Attempt was made by Cash [2] to fit exponential functions

to the composite form of (1.7) with k = 1 for the test problem
Y'=Ay., w0 =1 ,q=3n (1.8) ’

Cash's work showed that the method is A-stable for orders £ 4.

10
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" numerical and analytical work than the LMMs.

- The stability region of the MLMM can be determined by

I
* However, we shall consider case k=2 of (1.7) so as‘to have

higher orders leading to greater accuracy. This shall requ1re greater
computational work than the one. etep case. Howeven 1t will exhlbit

a much better accuracy and stability c0mparable to the analytical

results. It will be observed that MLMM exhibits sCome i better

gccuracy than the usual LMM. fThis is partly due to higher

powers of h introduced in (1. 6) for the former methodH
Due to the nature of the MLMMs in (1.7), they reql’,tire greater

the

derivation of these methods reduces the amount of work :required
on the digital computer and still retain the 'stability prfoperties
‘for the case g +0 and 9 + -» when tested on the lscalar

problem tl.a). The set of formula to be considered is @ palr in

the Predictor- Correctm form based on the second derivative LvM .

of (1.7). 7 II

The characteristic polynomials of any of the form (1.7) are given

. l
. k i
by p(E) = Eu] E !
0 ‘ l
G(E) = lis £] !
j=0

oCe)= E v

Iobservmg

that on the boundary R, one of the roots of the polynomial

p(E)"Qo(E)‘qB(£)=O (o (1.9)

-
et

will have modulus one. : ’
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Hence, when MLMM is fitted to scalar piroblem (1.8) with
q = 2 h, then the Region of Absolute Stability (RAS) in the q -

plane _f the MLMM is that region for which the roots of the

characteristic polynomial

K 2

I (ag=-B:a9-v:9 )

2o F T 7 j
lie in the open unit circle.
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CHAPTER TWO
TWO-STEP INTEGRATION FORMULAS
[

-

e
2.1 IN'"RODUCTION

Linear Multi_step Method (LMM) whose derivation is based on polynomial
interpolaﬁon, given by equation (1.5) performs poorly when applied to
stiff Initial Value Probiems (IVPs). Hence a form of the LMM which is an

Implicit Bac..ward Differentiation Formula (BDF) of (1.5) , that is

ngoaj Yosj ~ DBy By =0 , a1 2.1)

was proved to satisfy the definition of stiff}stability by Gear [10). This

was however seen to be .‘I*ess efficient for exponentially fitted problems.
The following definitions are necessary,’ for the deri:ation of expo-

nentially fitted formulas which satisfy the stiff stability criteria.

DEFINITION 2.1 (Stiff Stability) Geay (-'1971)

A numerical Integrator is stiffly stable if its stability region contains a
region of the form R1 UR2 » Where
R1={ Re (z) = D < ¢}

Ry ={ D < Re(z) < s ,]Im(Z)|<':6 y6 >0 }

DEFINITION 2.2  (Exponential Fitting)  Lambert (1973)

A numerical method is said to be exponentially fitted at a (complex) value
Ap » if when the method is applied to the scalar test problem y' =) y ,
y(xo) = Yo- with exact initial conditions, it yields the exact theoretical

solution for X = 3,

The stiffly stable LMM requires that the method be implicit. This has

led to several investigation into possible ways of stabilising explicit methods

by using Jacobian matrix. One means by which this was done is the

application of Jacobian matrix on generalizing LMM by calculating the




2.2

second derivative y'. This led to the use of second derivative multistep
formulae. This kind of methods is implemented using free parameters to
allow for exponential fitting. Enright [7] develof)ed a class of stiffly
stable k-step second derivative methods of orde:i- k+2,

1

EXPONENTIALLY FITTED FORMULA !

The aim in this thesis is to derive exponentially fitted formulae of
various orders for which stability requirements aré investigated f(;r all
choices of the fitting parameters. The idea of usi‘tng' exponentially fitted
formulae for stiff problem in the form (2.1) was .fi.'rst proposed by Liniger
and Willoughby [20]. Integration formulae conta;ni;ng free parameters were
derived and these parameters were chosen so that a given function exp(q)
where q is real, satisfies the integration formula exactly. This was tested
on LMM for k=1, however Jackson and Kenue [17] ﬁave derived a fourth
order exponentially fitted formulae based on a linear 2-step formula and
were A-stable. These methods which have been cited are deficient in the
sense that they do not give estimate of the local truncation error of the
formula being used. This makes control of t-he step length h being used
difficult to choose and can lead to gross inefficiencies if an appropriate
value of h is not used. The new methods being described in this thesis
contain a 'built-in' local error estimate. This error éstimate may be used
as a basis of a step control procedure, and the resuiting variable step
formulae are particularly efficient in the transcient plhase of the region of
integration. |

|

Based on this idea, Cash [2], in his own work,'attempted using
MLMM with k=1 in the second derivative formulae, Wg shall however derive
a more difficult exponentially fitted formulas for the c:ase kK = 2 of the

MLMMs using a composite formula. The class of methods to be derived,

using the composite MLMMs require the maximum attainable order for the

14



-case k=2, n=2 to be seven. Hence various formulas of orders ranging
! from 2 to 7 will be given, r,
A composite formula is obtained by applying the simpie formula -

exhibited , repeatedly to cover longer intervals. ,
. L

The methods being proposed here is basically for F,t;ff problems for
which exponential fitting is appropriate. These are offefl reéognised
through some knowledge of the physical behaviour of tehé solution. This
procedure is preferred because it is usually found that’ exponentlally
fitted integration formulae are substantially more efflclent than conventlonal
ones. A numerical investigation of the proposed methods will lead to some

i
conclusion on the stability properties of the methods. 3 The integration

r

formulas which shall be used for the exponential fitting. are as follows:

The predictor method is chosen to coincide with the g;econd derivative

LMM (1.7), given by

]‘{): s ¥V .. -h)]:{B f- h2 %{ Y: g .. : (2.1)
j=v ] T nt) j=g 1 n+ j=0 1 "nf]’
while the corrector formula which_ is . i
5 h 28 £, + nih “ (2.3)
a . . = . ' . : .
=g 5 Tnti j=0 3 T 0 9 En+ .
where _ df(x,y) y . ' -0

€ntj = x N cand B o T

For this purpose of deriving effective schemes of: different orders, the

following definition is given.

Define the L operator as ;
k . ol
L [y(x;h] = z { «; y(x#h) - hg ; f(x+jh,y(x+jh)}

2

- h" i g(x+jh,y(x+ih)]

15




and by using Taylor series expansion and collecting like terms,
we can write L as

L= coy{x) + hcly'(x) to. ot hrcry(r)(x:)

where

CO = g + ay; T ts +, .+ (XK - ‘

C-1 = a;t+ 2_32'*'... + k(lk - { Bp ’+Bl t e 'H'BK)

CZ: 3 ( C‘l+22"a2 +--"+kzak)ll—( Bl+282+"'+k8k)

1 : ‘1 -1

g = qr (ot 2%+ ... + ko) - Gy B+ 2T g e L
-1 _ 1 |4 9G-2 .92
k Bk) q_2)! (Tl*— 2 Y2+ ... ¥k Yk)

q=13,4, , T

The - Xethod (2.2 ) or (2.3) is of order p if

Cp =€ = ... = cp =0 and cp+1; 0
Thus to derive a scheme of order p, we set cj =0,j=0,1,...,p
giving rise to sets of (p+l1) equations fronl; which constant parameters
aj, B]. and Y]- are determine;d accordinlg to equation (2.2) or
(2.3). - o
The algorithm required for the study of the stability criterion

connects the Predictor and the Corrector formulas together and is

given as follows:

Al Compute §n+k as solution of (2.2)°

AZ  Compute fn+k= f(xn+k’yn+k) anc'i Bnek = B0 Vi)

A3 Compute §n+k+1 as the solution of,

k-1 2
=01 % Vnejer ~ B8 insjrn ~ BTy € l.

- _ 2
"% Yneker R fypg Y BTy g g

A4  Compute fn f(

+htl T e Y (X))

16



2.3

A5  Compute Yn+x s the solution of

y +}5:—1a.y.=h.lz{3.f .‘+h2;gk .g ..+ h g 1f
SO SN R A S I S R RS R k+In+k+1

This algorithm shall henceforth be regarded as Composite Integration
Formula (CIF) and the complete scheme defined will be referred

to as steps Al - AS5.

DERIVATION OF ORDER 2 SCHEME

The fixrst scheme to be considered is of order 2. The procedure
employed in this thesis requires that the :Predictor formula be of
order (k-1) while the Corrector scheme 15: of order k.

The predictor formula corresponding to the case k=2, with one

free parameter is obtained from equation (‘2.2) as

% Yn T Ynut Ypp Sh OBl F B f L 48, E o) 2.5)
+ h? Yog, t tYIgn+1 Y80 )

" Hence, to . derive a two step scheme of order 2.” set

coefficients of vy, f and g at X1 point to zero, that is

¢ = B1= Y= ¢

Also let Y;=Y,= 0, then we have a;, a,, ‘;30 and B, to determine,

But ®,= %2= +1 and let B, = g (free parametﬁer).

For order two predictor formula set Co = €= 0; cz= 0

using equation (2.4) we obtain ag= -1, Bé= 2-a

Thus (2.5) becomes

Yn+2 ~ yn =h [a fn+2 * (2*a)fn]

but y ' = f(x,y)
. _ - vt
that is Yneg ~ ¥y = h la yn'_'_.z + (2 a)yn |
By exponential fitting, we use equation (1.8) to get step Al of the

Algorithm as

17



Ynsg " Yp =B aayy, + adiy, ]

leading to

(1-aq) ¥ ,» = (1 + (2-a)q ] y_

Yn 1-aq
where q = )h
From where step A2 of the CIF is also given.
The solution of the scalar problem (1.8), " that is
yl=ay is y=er¥
. A(x_+h)
Yn+1 - y(x,th) _° n = oA . o9
Ya | y{x ) L e X
similarly, v - .
_n+2 29 . ' 2.7)
yn : ' ' t wr ;
using (2.7) in (2.8), we . obtain [
29 1+ (2-a)g
1 - aq
solving for paremeter a, we get :
- o2a '.
a = (1-e")ig+2 (2.8)

1—1&:2q

From equation' (2.3), the corrector formula corresponding for k=2

is
“oyn +“1 yn+1+ ag yn+2_= h (30 fn+ 31 fn+1+" By fn+2+33 fn+3)

2 .
thCyog, ty) g gt En+z ?
Again, setting “ =By =0, Yo =Y =Y, =0, a, =+1

" and By = r (free parameter), then a method of order 2 involving

18



corrector formula requires
= = = - 0
g cl, Cqy 0 .and Cq

This leads to ‘the simultaneous equations

e

e e e e
- ER Y g T

2 'Bo .“Bz -1 = 0
2 - 239, - 3T'= 0
' wmch glve ‘
aor =1, Bo = }(2+r), B, = 1(2-31)
hence the method becomes
Yn+2 © Y1'1 =h [ ryn'+3 + %(2-31.))’11;-2 *+ -}(?h‘)yr‘] ] (2.9
solving for r to get

L (ezq—l)/p-ezq-1
Y — 2q 2 . i (2.10)
e“d -1 %4y

Proceeding on step A3 of the CIF we should have

.o oyn+1 * “1Yn+2 To a3 T h ( B_Dfnﬂ * Elinv!-‘.?!+ _32111+3 )

edET . e e ae a

CYoBpar * Y1 8aez * T2y ) 70

This equation is a transpose of equation (2.5) by a step, hencze if
wé solve for the constants a]. ) Bj and Yjwith {he smne condition
1mpo:>e on (2. 5). we shall obtain

- h(2 -a)f L ahf (}

Yneg = yn+1 n+ -3 -

Applying exponential fitting condition to el
1+ (2-a)q

—_— o (2.11)
1 - aq

n+3

Yn+t

. - » 3 3 * * ‘
Th's result is identical to the prédictor formula (2.6).
L 4 - .

Hence following this trend, we observe that -

Yos 1+ (2-a8)q
Intjt2 —_— . j=0.1,...,7
Yntj .1 - aq

19




satisfying the consistency conditions.

AR TR

There is the need to obtain ratio y1"1,+3 in order to compute
i
step A4 of the CIF. Thus from (2.11), using (2.7) we have
yn+3 - 1 + (Z—a)q . yn+1 - e3q
Y 1 - aq » Y

that is ;
In+3 [ 1+ (2-a)q

3
P = Rx(g) (2.12)
1 - aq ‘-l

Finally for step A5, equation (2.9) becl‘;omes
!

Yo rq (V,,3/¥) + 1 + 3q(2+r)
v, 1 - 3q(2-3r)°

substituting (2.12) to get

y rq R*(q) + 1 + 1q(2+r)
yn+2 - _ liz R(Q) (2.13)

n 1 - 2q(2-3r)

This unites both the predictor and the corrector formulas. The
i

formula (2.13) derived is capable of ;ge‘né,r'a.i;_img‘ Solution.te stiff

problems for which exponential fitting is applicable,

?..l}

A good numerical method must satisfy feaandabie gtaigiiidty.

properties, It is therefore necessary to find the:range
9f values of a.. and r with certain'; limits of q,.

To determine the conditions a and r will satisfy, we examine the

inequality

(]_ 'I

] yn+2

| ‘ ’n

for all q with Re(q)< 0 ‘

|
The necessary and sufficient conditions for thi‘ls inequality to hold

are given by Maximum Modulus Theorem. i'

20



I : THEOREM 2.1 (Maximum Mogdulus Theorem)

Let f be analytic and jnof’ constant in a domain D. Then |f]

¥ cannot have a local maximum in D.

The proof is given in Beardon [1]

By Theorem 2.1, these conditions imply that :
(i) R(q) < 1 on Re(q) = 0, !
(1) R(a) s anatyic in te(qi< 0 . y
If (i) holds, it follows that R(q) is analytic as ¢+ -« and thus (i)
o gnd (i) will guarantee A-stability by Theorem 2.1.

Now, for | R(q)| <1, we consider

vz o

n .
o

hence from (2.13) we have

[ l/q + (2-a) ]% + -1‘-1-+ 3(241) - %1 + 3(2-31)

. ._.‘; -
L 17q - a £ 0
1/q - #(2-3r) ‘
| r;;f —and as q¥ -=, wWe obtain |
L 3
Co 1-2y2 -
" | r(1-z)% + 2
b jr -1
" 3 leading to r ¢4 and a> 0. 7 -
“ These inequalities may help to determine stobility condition. . ilowever,
_* 'ée by taking limits of & and r as q 40 and ’q-;-m, we obtuin frou. (2.8)
,£: . and‘(2.10) that -
. ‘,:,'"l‘! N 2q \
o lim a = lim ——2 +2q29 =1 '
R g+0 g+0 q(-e7) j
; _ : ' \
_'_' AISO, ' ) . ._ 2q o }
I lim a=1lm ¢ & D/A*?2 B
B S R "
i L
Similarly, ' 4 .
m r= - 3 , while lim » = -2 . -
q+ 0 9 . Qs = ’ ) !
21 o . :
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t

Taking values of qe(w,0 ) for a large sample S, we observed

. !
that for various values of g, the values Pf & and r are within the

range above, that is a ¢(1,2) and r e (-2, -% )

!
Thus for such sample we have table 2.1 below.

TABLE 2.1

Values of parameters a and r for order 2 scheme
-1 1.3130 j ~0.7850
-2 1.5373 : ~1,1105
-5 1.8001 | . -1.6003
-50 1.9800 -1.9600
~100 . 1.9900 |- -1.9800
-200 |- 1.9980 ~1.9960

This set of values suggests that our iﬁtegration formula may be

A-stable because according to theorem 2.1, all the values of a and

T

r within these ranges are bounded.

On the other hand, if equation (1.9) isI appiied to the predictor

formula, we have f

t

1+ q(2-a) Yn+2 ’

EZ_
y

1 - aq n

however, since R(q) gives the stability region as a> 0 and r <2
5

then for 0O<a<1l, q = -0.125, zero stability is satisfied since

{g] <1 for all a. ‘

Furthemore, the combined Predictor-Corrector formula (2.13),

substituted into (1.9) gives

22
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™,

o
L
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s

o
H

Fh s et TR

X f;&fﬁ‘e' N

E s

ol 1+ (2-a)q) i e
rq —e o + 1 + }q(2+r) v
(2 = 1 - aq L L

1 - %'q.(2-3r‘)

thus, for r< ¢ and a >0, we have for tlié range a ¢(1,2) and

r e(-0.78,1.99) that [|&] < 1;
for example, when a = 1.8, r = -1.6 we 'ébtain a compl_ex value

| £ = -0.187i + 0.684 ' .
for which |£] = 0.708 < 1 R
This is true for all value pairs of a and r, hence the method is
absolutely stable for all choices of free péfameters a eand r of the

Predictor-Corrector method (2.13).

,"-"-j 2.4 DERIVATION OF ORDER 3 SCHEME

| The deriv.:ration of Predictor-Corrector _integration formula of
order 3 , for thg class of MLMM being used varvies. This is due
to the maximum  order required , t:hereby limiting the

number of equations available for the determination of coefficients
' |

i
i

For the Predictor formula given by (2.2), set ag=1,"

in equation (2.2) and (2.3).

@ =8y, =Y =0 andlet B, = a (free parameter).

Fitting the Predictor formula to second order formula, we obtain,

'
I

a, = -1
BO=2"E
and Y, + Y, =2 - 2a

These lead to the choice

therefore (2.2) becomes

2 i
Yneg = Yy = 0 [(2-a)f +af ] +h [(-a)g, + (1-a)g ]

" ' 23 :
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¥
o
) : 2
Yneg | 1 ¥ ra)g+ (1-a)q
- => =
'f In 1 - aq - (1-a)q?
) (g-1)[(a-1)q - 1] |
P = 1= R*(q) ’ (2.14)

(g+1)[(a-1)q + 1] !

when a=1, (2.14) may not satisfy the stability reduirements
L .

AT T o T A

because
Y
limt n+2 | =1
Qs-=l "N
: However, by choosing
£ = ‘ F o=
: Yo—l_%a and T2—17%a
4
fﬁ: together with other coeffic_:ients obtained, we have equation (2.2)
¢ becoming
)
% §n+2 1+ (2-a)q + (1—11-@)(12 _
L = ; = R (q) (2.15)
S Yn 1 + ag ~ (1-}a)q® 4
- F
E:-,,; ; evaluating a from this we shall obtain
;-f * ; (l—ezq)/q + 2 + 'q(ezq +1) : ‘
s @ = 29 ¥ 2q . (2.16)
e 4 1 - e+ 1q(1+3e°Y)
s . .‘_:‘ }
‘ ;,; For the composite Corrector formula for case k=2 from equation
‘3 . -
i (2.3) we set |
. Py ‘5 .
e . G T € = G =57 0
s : b} since a, =1, 8, =r (free parameter)
DR, - R f
:f F . then, for a;= g,= Y, = 0, we solve system of equation (2.4)
T : 4 to get
i S
q.i - ao = —1’ BU o+ 82= -7 ;
g .1 25 1.5
iR . Yo =373 T, Yy =-gtgr
‘:: . ) choosing g, =1 - 2r and By =1 +r
iy
32 24
© &
g :

-, 5 3 tr
a0 AR EAY
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e

LLIEE L TR §1

\
.3

then (2.3) becomes

Yn+a ~ ¥n h(1-2)f  + (L+r)fp o # rf .l
2,1 _ 25 _ 1.5 ‘
+ PG - TOE, ¢ 3 Y B!

using exponential fitting to get
1 2q -
®9 - 1ig - 1+ ¥ + 39" 2D 217

r =
e?q 4 %(4+5q)e2q - %(8 +15q)

and
Voeo 4rqR*(q) - Tq(8+15q) + 4(l+qr 3a°)
Yn ] 4(1-q+ %qz) - rq(4+59)
=  R(q). say ,; (2.18)
where _ _ 3 |
R¥(qQ) = 3;’”3 = [Y;*z ]2 = [ Rq) E
N n ‘

is given by step A3 of the CIF.
To examine the stability conditions required by this method, it is
expected by Theorem 2.1 that (2.18) satisfies iR (q) |<1.

However, since equation (2.15) is contained in (2.18), then (2.15)

must also satisfy | R(q)|< 1.
From (2.18), R(qQ) - 1<0, as q>* -= gives

ir R¥(q) - 10r
q <0

4
3—51"

that is, r < -i—-g

Furthermore, from (2.15) examine
R(q) - 1<0 as q=+ -=
and after tediuos algebra, we obtain

2 - 28 <0

- 3 .
1+ za . .

25



'a<§ or a >1

|
Also, taking |R(q) [<1 as -1<R(qg)< 1,

then for R(q)> -1 we have a>i Cor a<0.
However from (2.16) the range of values of a for g e(-=, 0)
taking the limits with L'Hospital rule we have

Iim g =2 while Iim g = 2
q."ﬂ q‘—>—oo

2|

that is, ae( &, 2)

i
o FoL .
Thus, as q decreases, a is monotone mereasing.

Also, from (2.17)

AI-&-
3

lim 'r=1 and lim r =
q >0 q +-o

That is for all values of q < ¢ parameters r lies in the interval

4
(E5gl)~

Thus as q increases, r also is monofone increasing.

For the ranges of a and r obtai;ﬁed, they suggest that the
integration formula (2.18) may be A-stable. However, we
established from algebrain zﬁanipul‘a'tioh.,o.n- thé conditdios
‘that. R(q) satisfy with ranges of values of .2..and 1 ,

%hat is within the ranges

ae(1,2)  and re<j_5, %)

our integration formula (2.18) wiil satisfy the A-stability eonditions
given by the Maximum Modulus Theorem 2.1. |
Alternative to the order three formulas (2.15) and (2.18)
obtained above is by introducing two free parameters. The reason
being that the choice of Y, and Yz'for the predictolr formula
(2.15) and the choice made for Bg anid B, as it affects the corrector

formula will go a long way to affect fhe stability and the accuracy
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~of the Predictdr—Correctér schéme (2.18). This will also affect the
free perameters a and r. Thus by introducing two free parameteré
each into the predictor and the corrector}formulas, a new set of
formulas are obtained. A |

For the Predictor formula, set

oy = By= Yv,=0, a, = +1
end let 8, =a and y, =b  (free parameters)
then, B, = 2 -a, ay = -1

Yo = 2-2a-Db
which gives the Predictor formula as

Yn+2 - yn = h [(2—ﬂ)fn + ﬂfn+2]- + 11[(2'29-'}))3“ + bgn+2]

using exponential fittings we have

yn-i-2
yn

1 + (2-a)q + (2-2a-b)q?

=R (@) (2.19)

1 - aq - bq’

In a similar manner, for corrector formula, set

By =r, B, =s as free parameters;

~ {hen for an order 3 corrector scheme in form of (2.3) we have

Ynte ~ Yo © 11‘[(2_3-1')fn + Sfr1+2 + rfn+3]

2ped _ . _ 8. 2 _ 9
* G - s - ey ¥ (o8 T g MEnl

= ‘ (2,20) :
n 1-sq-q(-s-37) ' h
' i

o

By step A3 of the Algorithm, we obtain

yn+3

- Y2
R (q) o
Yn+1 yn

27




or y11+3 ~ yn+2 : — R*(q)
¥n ¥n

making corrcctor formula become

: 4 3
Yheo 1+ (2-s-r)q + (3 -5 - % r)g? + rq.R*(qQ)

In 1—sq—q(%—s——‘%r)

= R (q) o (2.21)
Now using exponential fitting on (2.19), we obtain

(29 - 1) - 2q(q+D) = aq(e®® - 1 - 2q) + ba?(e?d - 1) (2.22)

For the two unknowns a and b, this formula is fitted to two

values of q as 9 and qy-

e?d -1 - 2q,(q;+1)

Thus let Ci

- 29 _ 4 _
Ai = qi(e 1 Zqi)
_ 2q _ -
B, = qzi(e 1)
then (2.22) can be written as
Ci = aAi + bBi i= 0,1
leading to two equations
C0 = aAO + bB0 : | )

C

1]

1 zatA1 + b}':’.1

in two unknowns. Solving for a and b we obtain

. = 1%~ PG
B,A, - ByA,
s = 1% " A%
BiAo ~ Bofy

Similarly, the corrector formula (2.20) can be written as
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e?(1 - 2q%) - 1 - 2q - 3q2 = sla(e?? - 1) - ig?* L + 1)
+rlge®d - 1) - 3 gPe’d + 1
2 f “
If T.'-'-eq(l_-%qiz)_l..zq_ﬂqz |

S, = qi(ezq - 1) - qi(ezq + 1)

i
R, = q.(eaq -1) - §q?(3&32q +1) ' : ?

1 1 4 1 ) . ) . . -

then i
T. ='s§ + rR i=0,1 , ’ : S

. | 1 1 S

or o P

10 = SSO+ R

T1 = sSl+ rRl

solving to get

R,T, - 1osT, - 8T,
LS G T I and w o1 T Sdh
RSy RSy 5% -5

To investigate the behaviour of the parameters a, b, s and r, P
substitute (2.21) into the inequality

R{g) 1< 0

PRI

After much algebra we shall obtain

=

9 2 o
§ » - and S+-§I"'§>0| ,

with R*(q) < 1 which by (2.19) we have
i

R (q) <t or M< 0 i

- b i
If b>0, then a>1. ;
’ '

For all real roots of the quadratic expression of the numerator of
(2.19), we have | . S

(2+2)% > 4(2-b) oo




and its denominator g{ves
aé + 4b> 0 = b> 0
In conclusion, the behaviour of these parameters along with
the analytical conclusion above is best done by keeping a fixed
and Ay is varied in the interval (= , 0] to satisfy stiff problem

(1.8).

DERIVATION OF ORDER 4 SCHEME

Deriving a second derivative Predictoxf formula of order 3°
corresponding to (2.5) which also cont!n'ns’a free parameter,
deduce from (2.4) that

Ggt "oy 4 @ =0

a, +20-2- BO— 81"' Bz =0

1
(% * 40y ) = (B +28;) = (Yp+ ¥ ¥ Y,) =0

1 .
glay + 8ay) - 1 (B +48B,) - (Y, +2v,) =0

Obtaining & two step formula, we seta, =8, =y, =0 and let

™
~
]

= g (free parameter), then

= - 4

a, =1, a5 =-1, BU=2—a,YO‘=§—a,and72=§—a
Thus the predictor method is

. - = - t 2z E - -

Ynt2 7 Yn hicz El)Yn * ayn'+2] *h [(3 a)y;ﬂl G a)y¥1+2] (2.24)
Using (1.8), we have

t

§*n+2 1+ (2-a)q + (% - a)q’* =
7 = il = R (q) (2.25)
n 1-aq- (£-a)g
and by (1.8) and (2.7), equation (2.24) ‘can be written as
: _1+2q+% 2+%e2q(2q2—3)
a = : (2.26)

ge?%(q-1) + q(q+l)
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The Corrector formula of order 4 corr;esponding to (2.3) gives: the
set of coefficient equations to be détermined as follows:
ugt+ oyt Gy = 0
et 2 6y Bo- By - By~ BF 0
3 ( apr 4 oy ~ ( Byt By 3 By - ( vgh vt ¥2)¥0

o8 a) -3 ( Bra B0 8Y - (vr2v)=0

é_q( afr 16 ap) - %( Bk 8 B 27 B - 3 ( Yr 4 ¥) =0

setting afF Bl=t Y=0, a,= 1 and the free parameter B85 r

we obtain other coefficients as ;

-1 _ 3 __ Y _9
(10=-1, _30-’51-1‘, 82—"‘1, YG:'E_EP and 72_-5_31-
Therefore the composite Corrector Integration Formula (2.3)
becomes
- = - t
Yne2 ~ h 1Q r)y;'l T Ve T ry}l+3]
1 _3 1.9
Rl - g 1YL T (3 T
using the scalar test problem (1.8), we obtain
b 1 _3
Yt rq. (¥ ,4/¥,) *1 A-r)qg+ (3 -3 r)q® -
= 1 . .
n 1-C1+(§-%1")q2
Lo

which can also be written for r as

1 ;
1+aq+3a -1 -q+3a)
r = b g 5 : (2.28)
EQ(Se“q*‘l)-q(e 9-1)

To unite both the Predictor and the Corrector formulae, we
proceed as before on steps A3 through A5 of the CIF. From
previous derivation, it has been established that our set of

integration formulas are consistent, that is
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S
3

yn+3 - yn+2 “

- = R(q)
n+l Yn
leading to ' : | .
- i 3 |
o |2 = R¥(q)
n -”n ‘

Finally from step A5 of the Algorithm, (2.27) becomes

1 3 2
rqR*(q) +1 + (1-r)q + (3 - 7 r)q
. rar i qg 3 4 (2.29)

no 1-q+(3+5m0a>

4

Equation (2.29) is the Composite Integre‘;\ticm‘l Formula of order 4 for
stiff problems which allow exponential fittingé.
For stability conditions which R(q) must satisfy, we check by
analytical proéesses for

R(q) <1

And from-(2.29) we have

rqR*(q) + (1+r)q - 3rq’

1 -q+ (%-rg—r)qz

taking limit as q - =, we have

5" g R*(Q) - 8r

|
[Ze)

33T
this gives r>0 or r < - +&
however, we need to check the conditions satisfied by a,
that is, R(g) - 1< 0 as g+ -«
from (2.27), we have

a < dr a> 1

wies

hence, when r> 0, then lim E.R*(q) required that a > 1

+ -0z '

However, parameters a and Tr are bounded by certain limiting
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values for q e(-~,0)Thus as q 0 and d+ -« simultaneously,

we have from (2.27)

Hm a =1 lim a = g—
dqs> 0 'Iq_,. -t
. . : . 16 bs 4
similarly, lim r» =% lim r=g5 ,
a+9 135 g+ -« 9

. 4 L 16 4
that is ace (1,%) while 1’6(—13—5 s -9-).

Hence, we established analytically for stiff system whose solutions

are in the open left hailf plane, '

that is a >1 and r >

Furthermore, evaluating the values of a and r for some samples
8y we obtain table 2.2, That is as q decreases, parameters a
and 1r are monotone increasing, as given below:

TABLE 2.2
Values of parameters a and r for order 4 scheme

q a ‘ T

1 . 1.0648 . 0.16829
-2 1.1204 !'. 0.21710
-3 1.16297 '. 0.25855
-20 1.30088 . 0.40833
-50 1.3201 0.42977
~100 | 1.3267 . 0.43707

By Theorem 2.1, we conclude that our integration formula (2.29),
which is a MLMM of order 4, is A-stable within  the range of values
specified for the choices of parameters a and ' r.

The stability pdlynomial used to determine the zéro- and absolute-

stabilities of the methods revealed that by equation (1.9), the
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predictor. formula (2.25) gives

1+ (2-a)g + (5 - a)g?

£ =

1-aq- (2 - a)q?

.
A 4

i

-Iivnluu'fing f(.n' all values of- u:c Q. . -g—_) in the left~half pléne, we

obtain

el €1 for alil g (w0

o4
= A ‘J‘:l 3 . b " -

Thus, in [;encral for all q €{ == 0 ) the- predlctor scheme (2 25) is

Zero- stnhle.

AL el ke e

'
v

Also the st-n_hi]ity.po]ynominl for the.Predictor-Corrector formula

following (1.9) gives ,
o REPPUA SRS S S
2 _ rq R*(q) + 1‘+.(]. ryq + ‘(3— 4.15')(_1,

/ 1 - q + (%_ %I-r)'q'z

Testing for values of qe (-« 4 ) ' we established that

] <« 1a for all q .

‘that is‘_ , thc Predictor-Corrector formula fltted to stlff scalar
problem (1 8) is nbso]utely stable.
Thls o_rder 4 formuln tested on varlous problems is seen to be more

accurate than many known methods for the same problems. 'This

PREY
EX)

shall be 111ustrnted in chapter 4,

BBy

Ta Tty e, A g a-
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CHAPTER THREE

'PADE  EXPONENTIAL FORMULAS

. e
e

;I_-_f- _ 3.1 INTRODUCTION !
: .
‘;’;._.' . ' The der:vatlve of stiff 1ntegrat10n formulas of orders highe_r
‘:: * than order 4 w111 lnvolve a onc step I'ﬂth y /yn' which can
;,f | be replaced ‘either by an exponentlal functlon or by a one step i
}; scheme, N | . | ,
!-} Ubuully the bPredictor I‘ormula involl\.rmg this. ratio is lmphe:t
: Hence to retain two step implicit scheme the ratio Yn /yn _1n the
'lpredlctor formula is leplaced not w1th anl exponentiul fun.ct_ioh? but
:( with an one step 1mphc]t method expressed as a 1-1 Pade_. :
&
*’q \ approximation functlon However', since the formula given in this'
; thesis is de51gncd f‘or stlff problems for v'vhieh exponehtial fith'ng '
F is permitted, the exponentml function w1ll ulso be in- appropriate
J:T substitutien for the ratlo Y /yn. ‘
. 3.2 ORDER 5 INTEGRATION F.ORM.UL‘A-"""""‘ L
s 3 T =" URMULA 3 _
; The order 5 forrﬁu]n introduces a one- step Scheme at fn;f“l
:' term, 'l‘his is chosen 80 that two- -step ;)i‘ecedux'e is maint'ained on
‘, : ;, g oy thegleft hand 51de of equatzon (2. 2) o Honee,‘;ﬁ._ﬁq‘}_ nnd Yl nre set

to _zero in the mmu]taneous equatlons 1'equ11'ed o~ fu the flf‘th

order mtegrnt]on formula,
L v Fitting order 4 ‘predictor scheme using (2.4) fop cj =0, .
1 o . S .
. F 1=0,1,2,3,4 we obtain _ o . ‘
":; A .'s . | - /

35




[*4
<
]
i
[y
Q
1
o
=}
[}
1}
oy

By = @ B, = 2(1-a) B, = al (free parameter)
Yy = -3 (1-2) Y, =0, Y, =t (1-2a)
¥ Hence by (2.2) we obtain the predictor formula as

¥ |
-* b

-
2
] . _ = _ ;
. Yntg ~ ¥p = h [:alfn + 2(1 a)fn+1 + afn+2]
; |
F ; + £’ {(1- 3a)g - (1-3a)g,]
% d By (1.8) we obtain |
| - .
. Ynsz 1+ aq - —(1 3a)q + 2(1-a)q. (Yn+1 v, (3.1)
i : Yn 1- aq - g(l—3a)q
% u The one-step yn+1‘{yn term is replaced by an exponentially fitted
| : one-step implicit scheme. For this purpose', consider the most
; T accurate one step implicit scheme, namely,; the "Trapézdpidal -
l . rule given by
i Yn+1hyn=%h(fn+fn+1) |
.; using (1.8) we obtain a 1-1 Pade approximation
3 y 1+ 4q , ,
: ntl (3.2)
> Yn 1-4q
: substituting in (3.1), we have
iP. . 5
Vnez L+ (- ®a+ G- g+ - Sa)g’
* Yn 1 -(:+a)g+ (a- %)q2 + 1—2(1 - 3a)q?
&
- = ﬁ(q) |
. However, replacing the ratio Yn+1/yn in (3.1) by e4 according
a to the procedure in the previous chapter, ;we have

)



=

Y2 1 ‘ﬂqj - %;(1_-3:1)(]2 + 2(‘1_{1)(]0‘71

y

n . .71 - agq - }F; 1(1__1.-'343)_('12_

! . .
. " A g
Furthermore, from (3.1}, we have

. -1 +_-(!iq2 -2qe + (l -5 qz)e2 - .
a =, - - S ‘ o (3.3)\

2
a(1+1q) - 2qe,q + q(1-3q)eq]
- Similar ly, to dmlve an order 5 corrector for'muia, sct the foIIowmg

' unknnwnb in (ornposnn for muln (2. '3) as .

,_u.'= ' y.lz'n_ . By= r {frec paramecter)
CayE L, ay= -
On solving the system gc:ner:ited by - Cj =0 , j= 0,1,...,5
we ohtﬂi.h_ . '
B I _ 16
By= 35 " 5! Bi= 15 ~ O r
7 LI L. 3 ' 1
o= gty T oS5 *gT. Y2= - 35 - 9r
Hence the Corrector Ditegration TFormula is given by
. S
B AR NS [ "y 9
Ypeg T Yy =0 t,('inﬁ 3 ]g).rn * (']'_5 or ”14] Hﬁ *t3 l)f
f-'z"'1'3 SRPIES L SR
"hes i]' th gy f-r)gn + - 15 " 2 I')gn-f-Z-.] &
L And with u\pnnonn.al flttlll{"', it becomes. - |
.' 1+ (.-1 4 L r)q + (]5 + ‘_ 1)q2 + (_h - Dr)q_.(irnﬂlyn)
'h’. y - RIS i ’ {'\-! . ’ : ‘
n Tl!]:? - . - l"q(yr'wah"n.)'
~ “n . s . . . ’ . | .
il . ‘ 7 7. ! U
: o Getg et Gyt g nat o
P . ) ' (3.4)
Q: .
o !
# | |
o 1
P
Ei" f 3
|
i ; 37
|
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with localising assumption, we obtain r from (3.4) as

U‘:
"-4._

- . _'3_ . ..1 .; . 1 qi . Do o : , 2_
S/ 1 *¥55 9 Y1590+ g7 ael - - 5 4.+ 15 a%)ed
) . r = . e, L) : —— s

—

LA Sy wr

q - %qz . Qqéq + 5 qezq(Q‘l) "QG q

From previous (lcnvntlon wc"estahlish-ed that step A3 of the

a]gm 1thm gives

T e o= - LA
s WY R T wh e Sk

. e Yh+3 Yn+z R (q)
-~ '. ] . " ; = ' - = q
o _yn‘+_17 - Yn _ ‘
which !eh.ds to -~ U 7 N L ' -
y _ Sy T
s Ry T - R, (q)
y C -
n 4
and : - o (3.6)
3 ‘,i}n+'1 = T3 : .
—— = R ¢ = R
v, ‘[ tqQ)1 lfq?

Thus instead of intr oducmg anothcr pade upprox1matlon, we simply
fit the pwdmtm for mula whlch has an . 'in-built pade approxi-
_ mnt]on, mto (3. .)) by usmg (3. f‘) o

": llonc'o the I’lod:( tm-Corrector formula of order 5 js
T, 16
1+ + 5 r)q-;+, Gz +3iMa’ + (-_1-5*4' ‘9r)q‘RI_(Cf) :

yn%Z'_' : I l+_-rc.;.rR2(q)~

_.<3.7)'

1.1 .9

?l.-— ST _~ r)q+(—+-r)q

As it is done for Iower or der formulas, we obtain the range of .
n]uo.s nf n/ua/( for which qe(-=,0) .

38

e bt —emram



. _vw'«:w:-.z-m;«\w TP

i

St ,‘
REE B IR N

- rule ot five stages invo

e, ot

lim a =10
) q + —n.j

Now,

To obtain thc limiting v

frive

—
N2

Hn a ,'—' 57

P}

{

\I“- q o !

bl

10
~20
-30

| 440’f'

-50

\', =1000-

0.464180

0.39168

..0.36481 -

- 0.35476

. 0.34956

0.34630

0.33399

These results, as it w

A-Stahility of the.orderl 5 scheme.

. 39

' -0.001883
~0.026082
©-0.034591

-0.037751.

alue of a as q -+ 0, we I;ap_p']y L'Hospital

lving tedious and carcful differentiations to

q A _ l
e e - 1 ' '
that is for qe¢{(. == 0), & g(.(),_oﬂ-f )
BT ' : 2 |
similarly, for q v( =@ 0) , 1 &l —,35.0 ) | .
o . . o R i
The values of @ and ;r for some samplies S in: the range q are
‘ i o _
given in Tuble 3.1 below: ;
'/ TABLE 3.1 "
4-_:-'- I _.,_.-I.|1-

-0.039381

-0.040373

~0.044237

as donc in lower orders guarantce
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ORD]‘R G INTL GR’\'I ION I"ORMU

lonmunp the pr ocodmo for or der 5,

thé Prcdicfor formula is
J

nhtmncd hy snlvmgr six slmultnneous cquuttons cor respondmg to

equation (2.4) to give

16

. " e o, 16 N : 2 _1
ez T Y0 T h [(71-5 i nl)_f'n i an+1 T n+2] h’ [(9 3 n)g
R (3 8)
4 7 . 4 - 1 :
* 3 5 Tt GE T T D8]

Similarly, choosing 8,4 = r as the frec parameter, we obtain.the
1 . . R o . o

Corrector .formula _l')y equation (2.4) as

e T 1aey T
Y42 ~.yn -_—-.I"t__[(j5 lﬂl)f +

—'. 1:, . - _.2‘ 1 ~ X .‘ ] ! _ g -
+ lfn+3]' + h [(ﬁ - 3y )‘_g'n'. 18rgn+1 (

E

16

(

E)I')_f'n+1 + (ﬁ + 18?)fm_2

(3.9)
n+2

1 +9r)g

On fifting ‘to the scalar problem (1.8), the ,Predi'ctor formula (3.8)

hecomes
: iy B ' - ‘ ’
! AR [ R 2_1 2,
| 1 +,_ (l_l-‘ia)q+ (i 3 )q + [ q+
SR S b eg 4, yn+1

_ - (G5 - 3.0 ]

A =" : - - (3.10)

n S

1;~i‘aq'—

4 _}_ 2
(?ﬁ 3 9)q

nsmg a. 1 -1 pade apprm’]matmn (3. 2).’ we obtain

i“:_?'.'; 1+ G- _(“—3()2+(-—=}a)q_
In 1-(i+u)q—(—~'-~ﬂ)q +(—-—a)q
) [EEREIR S 4 ’ g :

= Tz_(q)“;_.

Replace the ratio y o /y by el

foirmula -can be expressed as

40

in (3.10) the sixth order Predictor
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- 14 2 _1 15 .28 4.0 2, q

Yoeg 1+ ({8 a)aq + (9 ,}a)q + [qgq + (5= - §a)_q le
oo ETTTTT T 1.4 2

e BEEEUEE 5¢ R

‘ -ohtaihing parameter a from (3.10), wé.hnvc
, ' oo - _ ' -

u"l.:-‘b

| |
L+ ys aed(12+7q) + l~c2“<4q - 45).

N"'-h

‘_(3.11)

aedra) + 49%e? - qe 29(3-q)

In a similar manner we fit (1.8) into (3.9) to get the corrector
integration scheme as

._. .. 1 _"A‘ ‘2‘ 16 _ Qs i
(i—‘ 10!)(1 + (‘ﬁ 31)q + [(Ts— Qr)q

I

S o s |
Y2 1802 1. (R} + rq. [R (@)1 K '
Y = - : - (3.12)
'n . 7 , ) .
1 - (1—5' + 18]')(] + (ﬁ + gl‘)q

and obthining r from (3.9) we have |

1

T = J—

LT 1o, 16 q. 2q S Y
ERUS It T (.- 559 * 759

S .(3.13) .
qUn+ia) + ‘)qe (1+2q) - 9qc q(Z -q) - qe q‘,

To ohtain { he range of values of a and T for‘whic‘h the order
6 Predictor —(‘mw(-tm fm muln may hc A- %tnh]e. we npply L‘Hospltal

rule for six devivatives on“c_qu_:mon (3. 1..1) to get ‘

Hm oa = e )

. 15 ;
G 0 |
. and - lim a = ,2.
. 3
qir —

i

‘Similar ly, 7 times apphcntwn of IL'Hes p]tﬂl rule on (3.13) gives

' Him r = A4
' Y
G 0
. . 1
while lim r = Ve

q»r -w

41
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e

%) and re¢ (-4—,

hence for q e -»,0 ) we have a 8(7 a5

T's-s

a-r:-|}—4
o
S’

These show that as q increases, both a and r decreases.

Following previous work, we established that within these ranges
|

of values of a and r, the Predictor-Corrector fofmula (3.12)

will be A-Stable for all choices of parameters a and r.

‘.
ORDER 7 SCHEME

Finally, the mdst adourate’ second derivative LMM to

" be given is order seven scheme. We hereby 1derive an
order 7 Predictor-Corrector formula. The formula is !derived
without any free parameter as this is not required by the formula
of this order. i

However, obtaining a predictor formula of order 6 from (2.4),

we obtain

_ h h?
= 15 (7f + 16f . +7f 2

yn+2 - yn 1 n+'2) + 15 (gn —' £J;n-i-Z)

Similarly, for order 7 Corrector schéme, eight equatiorlls for

c]. =0,j)=0,1,...,7 obtained from (2.4) are solved té give
|
_ h 1048 33 2
Yneo " ¥n T 33 ( 54 fn * 34fn+1 t 3 fn+2 * a7 fn+3)-
(3.14)
h?

37
T 105 (3_ En * 4gn+1 - 8gn+2)

Equation (3.14) is the composite corrector formula.

Using exponential fitting, the predictor formula gives

yn“!-2
y

15 + 7q + q° + 16q.(y_,,/v)

n 15 - 7q + g*

42
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Using 1-1 pad-e'nppro'ximation, we obtain

[
.
R R S, JA

- - S . ) ,
? {Eig =, 30 + alq + 11q . 9 ‘f' . o (3 15)-

Yn o T30 - 209 f_ng-— Q-

= R(q)

substituting (3.15) into the corrector scheme (3.14) after using

_ﬁ_u 4
Y 8
——r

exponéntiul fitting, we obtain the 'Prédidtor'—Coi‘r_'éctor,formula_'of

order 7 as

| - 1049 . 37 ' .‘4 ' o :
L. 4 4. tVAd 2 _ 44 v 4 2 _} '
D T 1Ee0 1315 4 7 (35 @ P es 9 @
; :a' ' . - ZI _ : %
.-'i;,: Y42 o S + TS (R(q)] | :
E' é "_y‘”—_ “. - 33 . 8 i N . B ;_’\.1 . rJ 1;@:":4;5\73‘
v ne o1 -2 g+ T 7

. . N . F ) . . N H
These formulas derjved so far in .chapte‘frs‘ 2 and 3 are coded in
fortran language to solve several system} of Ordinary Differential

Equutions‘,.r among which are the 'st‘nndarid stiff Initial Value
. : _ R
Problems .discussed in the next chapter.

s ‘
¢ ‘1 ie-
L .
. bl :
.t ) '
: At
-
. 3
r :-!'45' .
L .
iz !
i :
£ 3
’{ 1
% Pt we onTapy . Yo
; ;
‘ai q
3
"
1
;
‘ ']
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a

COMPARAITIVE ANALYSIS

»

’._,‘.

4.1 IN IRODUCTION

Sy
.1

Thc for-mulns derived so far'in the 1:‘|s-.: Awo chaplers are

o

1
B s pars L pareesy s P

tcsted on scvernl stnndm*iiStlff Imtml Vulu‘ Probloems ('IVJ"') '

i [,',n 7 tl 11 lhl I‘he nin of thc compuiuh(m.ll .m.nl)rms cmncd out

o . in this chapter is firstly o show how these - - Jformulas
'..P 1 ' ) . 1 ot ‘ . B .

¢ compare fovourably with other known mcthols and the accuracy of

s I ' :

g these formulas when comp.xred with the exact solution. Secondly,
i' g to=,de‘_monstrnte the pcrfm-man_c-_e of the siep ::cintrnl procedure. TIor
i : system of stiff I‘VP'S."thé' cigenvalues arve obtained from thc Jacobian
i':* matrix of the system. ' | - v
£ : ' - o :

. ' All compltations' given in this thesis are eoded in a  Fortran‘77
% | on a 12/286MX, Leading “Technology (1M ¢o npulihlv) compuler of

T_?" i J.agos State l.Inivcrsity,' Ojo; using double [n‘('('l ion .u'lthmetlc.

e ' o I

M i . I . .

i ﬁ'_‘ \ . . . _I o ) L

;iz o 4.2 NUMERICAL /ElXﬁ‘sh_fIPI_{IBSl . . '

M . .

i ‘ .

: PROBLEM 1

S TTtTF|}], M & .

1»’- Consider the system of stiff IVDP

: ‘ | ’ ,

: FE Sy IRl Y0 = o |

i, maddr A x t[0,1] : 1.1)
By zt = -y =078, z2(0) = |

. e Af:empt' will be made to demonstrate the efficiency of (he foemulas
duved in chapters 2-and 3: Also given is the comparison of

: L \ .

uceuracy with other cxponentially fitted schenes proposed by Kenue

# . S . i ‘ ' _

; . and Jackson [17] and Cash [2]. ° -7

U ! . . . : .

"ff i : vy Lt
AN 14 |
s‘.‘:‘ '4"1" T
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o l |

The' mgenvalues of thc Jacohian matrlx of system (4.1) are

= -2 and 1 =--96 ; ' @ ,

LT, b g

-y e

L‘;‘

" and the goncral squtlon is of the form : ' o 5

s, Y(x)'=AAe 11+Be.)‘x; .
. , Lo (4.2) Co e

L 2(x) = Cle ‘1& De )‘z_xl.' : R :

however, ,impejsing another initia‘l co_nd_i;tions at the derivatives of '

Ld
B Yo a,

y and z, we obfain frém’(4.1)

y(0) = 94 S o o
& z'(0) = 98 . |
. 'i ) i . I ‘\ I . i - ’. .
i } and e "2xgas X |D- : 1 ! .
' i - lenvm us ‘with' “A L= @uﬁ,- and c = :l i '
: 8 | 4L7 |
o Ct -
HJQ Prob]em (4 1) is solved and tested on all our newly developed |
E’ﬂ“—-‘ﬁ schemes of orders 2 tol 7 using various, step lengths.
¥ . | '
e For ex_nmple; by,using a step length h = 0.0625, we obtain
" . . - . L :
=t g = -0.125 becauseé q = Ah. [
}‘ . The procedure for obtaining a result required the evaluation
4 of parapefers a and| r and the quantity R(q). The program to
- [} - . ' ‘ L ‘ . .
F ;‘ solve ‘this pmblem along with various output for orders two to seven
. ‘ '
iy arc given in Appendlx A.

Denotc thc sccond dcrlvatlve two step comp051te schemes
l
demvcd in clmpper Z,Ffor orders 2. through 4 by S852,. SS3 .and 554
respectively.- Eurthermore; denote ord'ers 5,6 and 7 formulas

N N .
involving pade-approximations by PS5, PS6 and PS7, while those

involving exacttexponential fittings are denoted by ESS, ES6 and

EST respectively.

L e
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Some results for the solution of problem 1 which are extracted

’ [
P ; from Appendix A are given in Table 4.1(a) below:

TABLE 4.1(a)

Accuracy table for MLMM on Problem 1

step method 'ma;c— error | . max error
‘BRze ¥ Z
0.03125 | SS4 2.5%107 11 2.6x10 3
0.0625 $S2 5.6x10 1" 8.7x10 19

$S3 2.9x107° - 3.x107t0

$54 4.4x10718 " a.3x10718

PS5 4.9x1070 © 5.2x1078

ES5 5.6x10 - " g.7x107 10

PS6 4.8x107° " 4.8x1078

PST 6.0x10"° . 6.3x107°

EST 6.0x10"° 6.3x107° i
0.125 54 1.1x10718 cg.rx10719 !

ES5 1.1x10718 8.7x107 17
0.25 ss2 | 0.0000 0.0000

The results above show that formulas SS2, SS4 Iand ES5 gave
the least error for this problem. 1-1 Pade—apﬁroximation
integrated into the formulas of orders 5, 6 and'7 af fected the
accuracy of their solutions, hence rather than using 1-1 Pade-
approximation to estimate y n +1/Yn’ an exponential function e
is rather preferred since it is exact for the exponential fittings.

Hence ES5 gave igh accuracy as orders 2 and 4: and identical

.to method SS4 for h = 0.125. Methods PS7 and ES7 performed
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poorly due to non existence of a free parameterl which is an
important factor in the derivation of other low: " order: 1 schemes.
Hence for a second derivative 2-step multistep methods, the maximal
order 7 will perform poorly. However, orders 2 to 6 are sufficient ¢4
generate - accurate solutions to any stiff probleim for which
expcf)nential fitting is permitted.
| We shall compare the results obtained by these methods with

that of Cash [2] and Jackson and Kenue [1‘?].i Let J-K denotes
the method proposed by Jackson and Kenue, while SC4 and §C5
respectively denote the fourth and the fifth ordéar schemes given

by Cash for the case k = 1 of the MLMM. As shown in the Table
4.1(b) below, it will be observed that the methods proposed in this

thesis are more accurate than the already existing ones.

TABLE 4.1(b)

_;E’lethod y(1) z(1) x 1072 Error y Error z
A h = 0.0625
J-K 0.2725503 ~0.2879477 3x107" 4x10~°
sca 0. 2735498 ~0.2879471 3x107" 3x107°
SC5 0.27355005 ~0.28794742 1x1078 1x10710
$S2 0.2735500406 | -0.287947411 | 6x10 L7 9x10™ 19
S54 0.2735500406 | -0.287947411 | 3x10 L6 3x10718 |
ES5 0.2735500405 | -0.287947411 | 6x10™" ox1071?
| PS6 0.2735465656 | -0.287943753 | 4x10°° 4x1078
h = 0.03125 |
I-K 0.27355005 ~0.28794742 1x1078 1x10”10
sc4 0.27355003 -0.28794740 1%1078 1x10710 |
ss4 0.27355005 -0.287947402 | 2x10 2x10719 ’
True Sol. | 0.2735500406 | -0.287947411 — -
|
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- ——— T — T BRERe given by knright and Pryce [8] )

Consider the 4 x 4 -system of Stlff Imtlal Value Problen

| . yl" = —1n yl +.100y, - 10y3 t Yy, . yl(ﬂ) =1
| ¥ = 1000y, + 10y, - 10y, ¥, (0) =1 L ﬂ
- o . | | - O (4.3) _
. y3': = -'y3 & 10y4 . ~; - ._ ‘ yS(O) =. 1 ‘ | ,1\
Putting in the. matrix form, wa obtain the cigenvnhmf; of the ﬂi{
Jucobian as I‘ o - o L - . B Ef
‘ . ) S ! SF
M=o01, a,=s -1, Ay= -1000 , A= -10000 '
Following ‘the arguement in Problem 1, the exact solution will he :

of the form

yi(x) = v, e 1% 4 woe'? L i=1,. 4 BT
where .
- - A
* vy = 20000 - M2
ALty
e l..\,‘}él:: ..]"00 - 12\7 ahlem fea . - . ' ‘
| Momd o | ‘, ‘ ' o
= O+ A ' '
v = [
3 _ i
, Mo Ay
V4 = ":)ﬁ.l - Az ._._l
-y,
W, .= 9909 + ).‘] ‘
Ay = Ay P ‘
w, = 1000 + % .
2 Ay = A !
1 2 ; ';!
; 0
..! - XI - Az : : -f;;
o 4 Ao oA, : <
: . L
i
; sl
. . i -;?. ¥
18 B

TE . s




The system (4.3) was considered by Enright and Pryce {8] and

we mdopted the "erﬁor‘-toleran;:e' of 10_5

The order 4 scheme which gives a very high i'.':lccuracy in Problem

1 is used to solve the stiff system (4.3) ovel the interval [0,1].
Both versions of order 7 formula, that is P.S‘f and ES7I, perform
poorly as given in Appendix B. The error folr vy at x = 0.1 1is

pc?)or with ‘ |

H 1

y1 =200, y, =20, yy=0.04, v, =0.04

1

l

However, the result obtained using the order 4 formula derived

in Chapter 2 is given in Table 4.2 below.

TABLE 4.2
E_fficiency of Order 4 Scheme
Step y, (D) RIS yg(1) ¥, (D) “|
| 0.05 | -5910.942866 | -595.6555 | 6.334079 | 0.90483742 }
; 0.1 | -5910.942866 | -595.6555 | 6.334079 | | 0.90433742 -
{True Sol. | -5910.942866 | -595.6555 | 6.334079 0.90483742
ERROR | |
| 0.05 4.5 x 1072 | 4.5x1078 | 36x1071% | 5 10716
| 0.1 3.6 x 10 72| 3.4x10713 3.1x10‘151 1x 10716

The resuits obtained by order 4 show that the error tolerance

can be raised to 10_12 T

The results obtained at x = 1 for h = 0.05 invoived 10 steps
while for h = 0.1 required only 5 steps. However, the results
P

obtained for h = 0.1 are more accurate.
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PROBLEM 3 (SECOND ORDER DIFFEREN":TIAL EQUATION)

Dalquist and Bjock [6] showed that there are some stiff
problems for which Runge-Kutta (R-K) method is unsuitable.
One of such problems is a second order differential equation

y'" o+ 1001 ¥y + 1000 y = 0
(4.5)
y) =1, y'(0) =-1

This problem has a general solution given by

-1000x L

'

X
+ Be

y(x) = A e
and for solution in [0,1] the exact solution is y(x) = e ¥,
By setting y' =12z, a 2 x 2 system of stiff' IVP is obtained,

that is

y'=2

(4.6)
z'=-1001 z - 1000 y :
with initial conditions y(0) =1 , z(0) = -1.
Bxplicit 4th order B-K methsd expledes for hwm 0,0027.
Although this is unsatisfactory step size for déscribing the function
e X however on trying it on the new methods ‘much improved result
is obtained. The performance of this R=K me.':t‘hod"'is:-_@né, to fis
explicit nature which are generally unsuitable for stiff problems.
The eigenvalues of the Jacobian matrix of (4.6) are Ap= -1,

and A,= -1000. This problem is solved (see Appendix C) using

orders 3, 4 and 6 of the newly derived schemes and the results

obtained at x = 1 are given in Table 4.3 below. '
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TABLE 4.3

Experimental Result on Second order ODE.

h Formula | | y(1) i Erro-rh.__ . i
0.0027 R-K 0.367885 | s.6x107% |
554 0.367879435 1.7 x 107
0.05 $S3 | 0.367879435 2.0 x 10710
2 S54 0.367879435 1.7 x 1078
3 PS6 0.367879436 5.6 x 1078
| 0 $54 | 0.367870435 2.2 x 10718
‘{ Exact Solution 0.367879435 ——— :

It will be observed that for h = 0.0027 our new set of formulas
including the less accurate order 6 method gave better accuracy
than the ‘explicditiclassical R=K formula of order 4.

Other results obtained for this problem are given in Appendix C.

PROBLEM 4 (NON-LINEAR WITH REAL EIGENVALUES)

Chemical Kinetic Problem (Test problem from Enright and Pryce [8])

Gear [11] discussed the application of stiffly-stable integration
formulae based on backward difference approximation of the

derivative and used the following example to illustrate the method.

yp= -0.013 y; + 1000 y,v, y(0) =1
¥; = 2500 y,y, V() =1 (4.7
yé = 0.013y1~ 1020y1y3— 2500y2y3 y3(0) =0

This application is from chemical kinetic reaction and Y represents

the concentration of a very reactive species which is an intermediate

ip the course of the reaction and always stays small.
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# ‘ .
Y1 and y2 are monotomcally decreasmg and mcreasmg respectlvely

"whﬂe Y3 mcreases to a max1mum and thereafter is monotomcally

decrea-smg. Hull and Watt [16] showed that y, is bounded above

by 1.3 x 10 =3 - whlle Enrlght and Pryce [8] suggested the error

tolerance as 2 9 x 10 4.

The eigenvalucs 'of. system (4.7) are given by
=.0 .' by

A , = =0.00928572 and Xa = -3500. 003714

The general solutmn of (4.7 is g'IVen by

Vi = Ap + Byerfhc e A i

. . ' . _ AsX :
for solution -x_::[O,l],- as »x+1, ¢ + 0 -

1,2,3

Thus the exact solution is given bv

= 2
Vi Ayt Bye.

where A, and Bi"rir-e determined .us.ifng'- the initial conditions.
The coded ‘prjogra{n and the set of -solutions .obtained for x €[0,1]
The error values at x = 1 when compared

are given.in Appendix D.

to the exact.'so]iifiﬁﬁf'i‘a‘f"e"fﬁii}eri‘ in Table 4.4 below.

“ rpwe [

It will be observed from 'l‘able 4 4 that for a step length- h =

i . iy s e
i3 BN ArT BON AR AR AT :

TR

ek F ey L ey, PRSI

rn

| TABLE 4.4 o
. I‘xperlmentelmresults on non-linear stiff problem' '
[ h method ’ Frror yl(l) Error yz(l) Error y3(_1)
0.0625| 852 | -4.4x 10718 | 4410710 | 434 10715
54 | 4.4 xm"16 4.4 %1071 | g g 107"
0.1 ss2 _—.-6.‘7_.-x 10718 6.7 x 10718 | 1.5 x 10715
sS4‘ -6’?x1016 6?x1016‘ .18x101."

.1,

1._5'._
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both schemes SSZ and SS4 are 1denticnl for yl, yy, and y3 and
1 very acnurate when compured to the exact s01ut101.
© PROBLEM 5 |
Lo
T ' A system of stiff problem which was considered both by Gear
i, (pee Hull et al [16]) and ;Enrlu_ght"’ 7] is discussad m,.thisﬁwo_rk.r TR
While these writers dlscussed function éa]ls, Jacoian evalustions :
: and matrix inversmn for the efﬁcwncy of a method, the MLMM
does not - requ1re any matrlx mversmn, mstead a P1 edlctor—
Corrector formuld of a _given order is uscd J]m Jacohmn evaluation
T is only requn'ed for the determination of the em‘envalucs.
ConSIder the systom ;
[ ~0.17. 0 0 0 ) (1)
0 . -10 0 0 . 1 !
y's= B ¥, y(0; = (4.8)
o 0 0 ~100 0 -7 1 o
.. sayth o« ar v \g .0-;.10. . 0 -lolofOJ 1 J
Lo e xe [0’_101 IR L
=" The erpor, tolerance gwen by Enright is © = 10_—]

't'}: )E x'-

The cigenvalues are _the non _Zero elements in 1hc leading diagonal

of t{héa rs'y‘s'cem. 4whllq ;tr}‘e exact 1§p} tlon is

JIJH"‘B &2 : . )

1]

v ! ‘?1_ .

where ) 1

= -0.1 ,- Az ='-10 and the values of e nnd B idetermmcd

‘ .
PIYefevdayting, o itraTes \’ re LR T

T LR Ty ."1 atri
e from the 1n1tml condltmns bre g'xvcn m Appondl ¢ E I‘or the purpose
’, ' i
W o :
!}'gu_- of compurison of results, "Gear' discussed vari lblc -order, variable

thycianye TREES
“while 'Enright used a sdcond derivative

Btep stlffly stable method
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scheme. Denote the error of our second and fourth order formulas

réspectively by ER2 and ERd.

. The tables of vilues below .g*iv'eI solutions to problem (4.8) in

the range X e(0,10}

- method

582
S84
T;ue Sol.
LER2

- ER4

—— e

[

L]

TABLE 4.5(a)

. Efficiency of order 2 and'4 scheme

,-:h =

0.5 ,

x ¢{0,10]

| yl(lﬂ)nr

3678794357
3678794357 -
.3678794357

3.3x10716

¥, (10)

y3(10)

¥4(10)

1.7x10° 18

.37201x10
37201x10 .
.37201x10
' 3.4x10755

1.3%10799

-3.344358
-3.344358
-3.344358

3.1x10” 1%

5

1.3x107}

-36.7879435

 -36.7879435

-36.7879435

3.5x10” 14

1.4x107 14

Local error per unit step on various methods

TABLE 4.5(b)

' method

steps |

unit step

max local error/

Time/sec

. -GEAR "'
| ENRIGHT
SSs2

584

125
10
.10

i r4§ g/t

® 106 x 1078
' 6

0.44 x 10~

'3.55 x 107

o142 x 10724

14

RN S
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1

CHAPTER FIVE

CONCLUSION

SUMMARY i
- 1

This reseaf-ch work shed some light into some manner l?y
which accuracy}?‘can be improved for ‘solution of stiff Initial .-Value
Problems (IVst. New algorithms have also been given to support
this claim. In‘f‘this thesis, solutions to stiff IVPs have beeil
considered witﬁ methods based on .an algorithm which sllows
exponential fitﬁting. This suggests that the methods given'in this
thesis, basically are meant to solve stiff problems whose solutions
can be expressed as exponential function.

In light }‘of the work done, we observed that any of the schemes
derived from‘fjorders 2 to 6 could be used for solutions of stiff 1VPs.
However, orders 2 and 4 seem to give higher accuracy than the
others; thou‘g‘h all the schemes still perform better than msgmé. gf the
sxisting. xﬁaﬁhad&_ Zox, the same c¢lass of problems,

For order 3 formula, two parameters each were introduced
as alternati\_re approach to the predictor and the corrector schemes,
thereby leafling to two values for q.- One of these is fixed while
the other 1s varied for qe (-»,0) This approach inroduced by
Cash [2] rr‘i‘ay give good accuracy, but the work involved may not
justify betfer accuracy over the illustrated approach given here.
Hence, thé two approaches were given in chapter 2, bjat a good
choice of %he free parameters a and r led to better accuracy

which made our approach preferable.
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5.2 SUGGESTION FOR FURTHER WORK

The MLMM disc‘pssed in this thesis permits us, not only to
evaluate the second derivative of the dependent variable vy, butl
may be extended to third or fourth derivative formula. The approach
may eventually b.e extended to a general 1-th order derivative.
Furthermore, a new::?;laas of stiff problems having solutions in the

form of trigonometric or hyperbolic function may be adapted and [fitted

into the sum of expoflential functions. Since stiff problems have?
solutions with fast de‘xcaying exponents, then a solution on the left
half plane may then be obtained within a small interval for which
any of these oscillatoﬁ'y functions is decreasing,

The choice of free parameters may improve the accuracy of
some methods both for 1-step MLMM and 2-step MLMM. Thus like

in order 3 of our sch?me, we observed that the free parameters are

well chosen, so as to obtain such high accuracy. Hence, the

. positioning of the free parameters will affect the accuracy of the
methods, |
Finally, there is still a need to extend the scope of this work

E to derivation of methods which may be efficient when dealing with

a wider ¢ 1453 of stiff problems. However, we conclude and affirm

t

R that the methods given:in this thesis is capable of solving all
¢ systems of stiff problems for which exponential fitting is
# applicable.




I o APPENDIX A

PROGRAMS AND NUMERICAL VALUES FOR PROBLEM 1

Each program is for specific order k - s

for each.program is varied to obtain various soiutions thereafter.
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CERZ=EXNZ(I)-ZH(TI)
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T
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99
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40
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85
100

H=H+0,25 '

30-

i)

IMPLTCIT REAL*8 (A-H,0-2)

DIMENSTON YN{16), zN(lﬁ), F\Y(]ﬁ),EX?(lb .
OPEN(UNIT = 3, F]LE=’RESE’ 'STATUS = 'NEW')
Al=95.0/47.0 i ' '
r1=-1 0/47.0

D=-2.0 ‘ . o
nu_.125 - - Lo s

y i

=D+ ' L L

TO LEVALUATE Y{(X} AND Z(X) USING MULTIDERTVA’]‘iVIE LINEAR MUILT-

ISTEP METHOD FOR THE CASE K=2 ORDER 4 OF PROBLEM

APN=1.,0+2, 0*¥Q+1.0/3. *!Q**))+!\P(2' *Q Y2, 0‘(@*‘*2)—

AUDZQF*2HEXP(2.4Q )~ Q+1\P(z 0+Q)+Q*{Q+1 O} - .
r\:Al)NfAPI) l. ' '
REN=1,040Q4(Q*%2) /3. 0-EXDP{ 2, 40)*(1 0 Q+(Q*42}/1 )

1

RPD=3 .k (QE+2 1% (3, ¥EX1(2. +Q)+J.)/4. Q*(P X3, *Q)—l.)

H=REN/RPD .
RQN= 14+ (2. —A)*¥Q+ (4. /3. ~A) % (Q¥*2)
ROD=1 . ~A¥Q- (2. /3. ~A)#(Q**2) I
RQ=RQN/RQD . ' PR
WRTTIE(3,99) - T
WRLTIE(T, 850 ' l
TWRITE(3,10)4, R, R0 - ‘

YNJ;R*Q*(nQ**1.5)+1.+(1.—R)*Q+(1,/3.—3*&/4.)*(@**2)"

YD=1.~Q+(1./3.+9,0%R/4., ) (Q¥*2) -
YN2=YNT/VYD S

WRITE(D, 20 ) YNZ o . !
Y=1.0 . ' : b
Z=1.0 - : o
H=0.0 ' . s

N2, 0. _
W) 30 TI'=1,¥

Y=Y*&YN2
YH{TY=Y*A]

ZN(T Y=YHCL
WRTTI ’% 401,V
X=X+0.

KXY (1 )= AIHM’(IJ*\}

ERY=EXY (T )-YN(1) co
EXZ{T)=CH*EXp(nsx)y - o i
PRA=EXZO0Y=ZN( 1) ‘ , : v
WRITECS, B5)VN(T ), EXY(T), ERY

WRITECS, TOVZN(TY, BEXZ2( 1), 1RY, R
CONTTNUE ' . :

FORMAT (5N, *RESULT 0F PROBLEM 1 FOR hlq)mla"4 he, 2

FORMAT(OHX, "YNZ2= ', E18.,12/)
FORMAT(OX, A 1L R "3{1F18.1 ;,Hx)/)
PORMAT(BX, "ll= ", 1'5.3,56X, 'Y= ', 118, 1b;/}
PDRMAT()Y TYNES RS, 12,5 1|f.1z-
IOHMAQLLA;ZVNﬂf4118 1£u)n,b]) A 2346
TORMAT( 26X, Q= '"F7.4,2X/) .

STOP ' ' .

END
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RESULT OF PROBLEM 1 FOR ORDER 14 L=0. 625

Q= -.1250 f
A= 1.000329615677 S TR ;éasooziabés’ L EQ = 17785007930:1'
‘YN"!.: 77138007!1 071 l()O | |

H= 125 vs 778800783071

YNz . 157417179557E101 18741717955761010 ©  2220E-15
ZN= - 1G5702204271E-0% - .16S 10°20§271r nﬁ//i  ¢.3569n_17
U= .250 © - Y= 00ff300"0711 ;yﬂj?ﬂ‘
Y= .422390900700r|01 L 12590622700E101 ¢ 2220815
ZNz - 1200490765355-01 I“QOdQO?G;S SE- 01 L R16OE-17
= 275 Y= 17°1bc -‘11
YN= 05178345 T6GRT 00 .054783457 Lcr[fnn | L 2220F-15
M= ~.190503u£1300h' . f.loﬂsO?oL]BGUI 01 34601 37
H= . .500° Y= 357879411171 .
YN=  .74358G104495E100 7435861041951 00 C LasmE-1s
ZN= -.782722215258E-02 - .782722215258E-00 f.ganonml%a
= .625  y= 286504796360
Y= .579165440402E:0p o '1579165440462Ej00 5 CALATE. 1S
ZN= r.ﬁODSSdC%dl?IE—O2'l ..w.5535846f11?]E~02 _.'-14337h'1?
M= 750 v=" ' .223130160148 |
YN=  .151007770613E100° - - © .451007770513F100 - A331R-15
zu:-~.474#45021592n-dz_. f.4f4745021592Em02‘ L31G0E 17
1= -.575 S ys.
Vs .55121'504817r|00 ;1' 1;f21 EOIRIJPIOO_ ?”  h3§3mﬁ3j§_
ZNZ - . 369731794575E-02 L369731704575E-02 Csanok-orr
He 1,000 v= 135335283237 ' |
VM= L 273550010665K100 - L273550040585T1 00 |  ._377cuui5
e .?“fn¢?i1114:ﬁ:02 o .23794?4;116Q@Ad2 T LAN36E-1T



. : 2
: . -1 S

RESULT OF PROBLEM 1 FOR ORDER 4 hz0.125

A = 1.0160636967186 "R = .130583114550 |

Q= -.2500 | “T |
" RQ = .606530659713
YN2=  .G0G530G59713E100 | o |
U= 250 - Y= . .606530853713 ; | 'Vfﬂ.'

QN;_ 225066227079 -'-1122596622%079 : A;.hoobnioo:__-f
ZN=  -.012004907G53 . -.012904007655 L G6OB0E 00

]

i wd

= .500  y=. L367879441171

YNz L7136586104495 -.743586]04495 .OOQOEJOQ

e i i Ty

CEN= -.0078272221563 —.00?82722?153 LO0000R00 ' B
- f‘ ’ -

H=  .750 Y= . L 228130160118

, N . ,
YN= 151007770518 151007770513 -, 1110E-15

I
ZN= -.004747150216 . -,004747450216 VBC74E-18

1= 1.000 A g135335283237

YN=. .273550010585 .273550040585 L 0000E+400
ZN= . ..002879474111  ~.002879474111 .  .0000E:00

}
b
t
!
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Bror T MO

IMPLYCTT REAL*8 (A-H,0-7)
DTMENSTON YN{18), ZN(16), FYV(]G} rw7(1r)
OPEN(UNIT = 3, FILR= nrq ) nanuq'= "NEW'})
Al=95.,0/47.0 o . '
Cl==1.0/47.0

N==2.0 :
HH=.06G25 S o S ‘ . .
Q=N*¥HH ! : i
TO EVALUATE Y(X) AND ?(X) UQTNP MUITTDFNTVATTVF IINPAR HUIT-

FSTED METHOD FOR THE CASE K£2 ORDER 5 ON PRORIEM ! : ’
Al'Mz==1 4101, /ﬂ'}*{ﬂ**n)- *n*PYF(Q)+(1 _(Q*t?)/h_)*r\](n *:r-

APDEZQ¥ (1. +0, 5¥Q)- 2. *Q*L\p(@}+o*(1 0-n r*o)*rvr 2 *o\
AZAPN/ADPD j
RPN~|.0+(7./1).)*QP(Q**’)/I +IG.*Q/T *PXP(Q)—(I ”.*m/1;

HOEX2) /IR )XEXD( 2, 40) E I
RPp=-n, 5*0*(7 +2 +n)+u +Q*EXP1Q)—4.J*Q*Exﬁtz.*nl*(1;~w)~0'

TEXP(3.0%g) B 'i?”

RERPN/ R
RON=1.,+{1.5K- A)*ﬂ+()./(' -A)*(Q**?)-l(! /T".—-O ')"!/\)p.tr)wwa]
ROD=1,-(0, DHAIFQ+ (A1, /ﬁ,)*(Q?*?)«l»{] /12.-n. ZO¥A)F(neway .

HFVAIUAFP R{q) UQTNC PADV APPHOY O \(N+l)/Y(N)

- WRIIF(] 20)IYNZ

an

a9
N

N
"an

nn
70
ugn
100

RQ=RON/RQD . £ . s :
WRTTE(2,80) . e i':~'-‘ -?;//f,-' :
WRTTE{2,R5)p R S S

W T ( 1, 10)A, R, nr\ I : o

n;n-nn**n 5 ‘ .

R2Q=nRQ**1 , * ‘ - R - T -
YN1=1, +Q*(7 /15 5*")4(1./15.+1;5*R)*(Q*#k}i(1ﬂ./15;-ﬂ;f9‘
1)1n*n1q+n*o*n20 X : o :
YD=1.,-(7. /1g.+4.r*n)*o+(1./15.+4.5*n)*(0##21

YNZ2=YNI/YD o SR S ;

=1. A . o : ‘ ‘ L
zu1.n ‘ SR : Co
H=0.0 E S LT
X=0.0 S :
no 1o T:I,R ' '
H=l1+0, 125 '
v-v*vwz e
YN{T)=vxpl
ZN(1Yy=v*cy’

WRTTEC3, 40 )1, \ 8 "

X=Yen, 1°f , I
FXY(1)= AT¥EXD{ DY) s
FRY=FXY(T)-YN(T) _ _
EXZOTY=oremxp(neyy B
PRLENZAT)-7N 1), .
wﬁL LR 65 YWNT T
WY yTOYZNC T e
CONT MU | o ‘ SR e
ynnunerY.'PAnH~nnwunT,nw PRORT, 1400 cmnye 5o e
FORMAT(5Y, 'yM2= * mip.19/) g : S e

BRI A
' ,LP

(‘!
' (

FORMAT( X, " 4 n‘no"xrwlﬂ.lzqrwwfy
FORMATIRX, "1 LR I R G R GV FTH v,y; B
FGPMAT(Sx.fvn+"rrn T2 RN, 11A Py, ny VO
FORMAT(6X, "7 N= IIP IQ.‘\ ll .IL _”1ﬁrn.i.yf
FORMAT(25% "¢ = T, v 70 Fo i}
STop S E : - Lot
END ‘ >_ : L
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YN2=

=

M= - 1250

.400620999610 n = m.000183%39779 iQ =

??8?0078307]1!00
125 v ,7ﬁqn0073307;-_ |
1571171795570« - _1;57417i7955?h* -
016570220007 orc,,oq'oqoﬂ
. 250 Y= roc,sorf9711 | |
1.225960227074 l.ﬂﬁfncc5°7o 79
0190010075"3 : 01°J04JO:G)?
376y 172300 ?ﬁlj‘ |
.5547631 57668 -'.95578345?088
010000?’0186 | = 010050352100
500 V= v.ne7a79141171
713506104005 743586101495 -
007827202155 -.0072272001 64
625 y= 286501796860
(070105410462 579105440060
00609581672 u;00600584n742
L7500 y. -22313016014p A ‘
f4510077?0513-- . .1510017705f3'
'~.0047|7450é10 - .ooi74%45h2ic
2875, ys 173773093450
151215 5204047 | 3;1047201511
~.00369721794 " "u.00309f3;7ﬁ¢c
.000 v= 135326083007
-273550040505 273550040595

1

~[n02a734741|1-,'“ 00287907

e

L77080¢( 78307

00005100

L0000 00

.OOOOE+QO

-0000E100

.0000E1 90

.0000E 100

-0000F og

L0000F | 0o

0000800

00005 00

SQ000T o

00008 np




PADE-RESULT OF PROBL 1 FOR ORDER 5 h=0.0625 .

Q-= -.1250 M

A = JAGCG626099G30Ft00  Ii= ~.183739778859E-03 NQ=.7788318903546E4100

YN2= .778799489296E+00
’ \

Nz .125 . Y= 778799489296

YN-  1.571169180493 - 1.674171795570 .2615E-05

ZN= -.036570201900 - 016570229427 -.2753E-07

Hz  .250 Y= .00052864452Q

YN= 1.225962153834 1.225946227079 . .4073E-05 5
ZN= -.012904864777 ~.012904907653 ~.4288E-07 i
Hz  .375 y= .47236419860é ;
YN= .954778699303 £ .'954783457668 L 1758r-05 i
ZN= -.010050302098 -.010050352186 - .5009E-07 5
= .500 Y= ' .3678?699663? }
YN= 713581163408 743586104495 .4941E-05 '
ZN= -.007827170141 - 007827222153 ~.5201E-07 i
= .625 Y= 286502417102

YN= .579100630313 .579195440462 .A210E-05

ZN= . 006085796109  -.006095846742 ~.5063E-07

Hz  .750 Y= . 2231279361231 |

vyN= .151003276139 .4510%7770513 .4495E-05 ]
ZN= - .004747402896 ~. 004747450216 ~.4732E-07 %
Nz .875 Yz 173771922699 ;
Y= 351241120349 .351245204847 . 1084L-05

7Nz - 003697271951 ~.003697317946 . 4299E-07

Hz 1.000 Y= .1353334840652 |

YN= 273516405148 ~.273550010585 L3635E-05 .

ZH= . .0028794358:14 -, 002879471111 -LA827TE-07

69




EXﬁd. RES PR 1, CASE K=2 ORDER 5 h=0.120

A = .466508184129 - R = -.000382298798 RQ =

YN2=  .G06530659713E400

Hz L, 250 Y= 006530659713

YN= 1.206966227079 1.226966227079

Zn= -.012904307653 .. -.012904907653
= .500 Y= .36?879441171

YN= 743586104485 '?j743586104495

ZN= ~.007827222153 . -,007827222153
iz .750 Y= .223130160148

YH= .151007770613 .451007770513

ZN= -, 004747450216 ~.oo47azhsozic
1= 1.000 . y= .135355?@3257'%"" |

YN= .273550040585 273550040585

ZN= -.002879474111 -.002879474111

.
.
70

..6065306568713"

y

.0000E+4+00

.0000E+00

.0000E+00-

.0000E 00

-.I110E-15

.8674E-18

.0000E+Q0

.00GOE+00

ey
R

s o B



IMPLICIT REAL*8 (A-H,0-Z) T
DIMENSION YN(16.),ZN(16), EXY(16),EXZ(16) _
OPEN(UNIT = 3, FILE='EVALTEG', STATUS = 'NEW')} *

A1=95.0/47.0 | ;
C1=-1.0/47.0 : i

D'—‘-z 50 - ! :
HH=0.05 : |
Q=D*HH ‘ _

i C TO EVALUATE Y(X) AND Z(X) USING MULTIDERIVATIVE LINEAR MULT-
. C ISTEP METHOD FOR THE CASE K=2 ORDER 6

: APN=3.0+14.0%Q/5.+(2./3.)*(Q**2)+(4.%Q/15,)*EXP(Q)*(12.0+7.
10%Q)+EXP(2.0%Q)*(4,%(Q**2)~-45,0)/15.0

APD=Q*(3.0%Q)+4. *(Q**Z)*EXP(Q)~Q*EXP(2 *Q)*(3.-Q)

A=APN/APD
RPN=1.+7.%Q/15,+(Q*%*2)/15.+16.*%Q*¥EXP(Q)/15.-EXP(2.*Q)*(1,0~ :
17.%Q/15.+(Q**2)/15.,0) ;
RPD=Q*(10.+3.%Q)+9. *Q*EXP(Q)*(1.+2,%Q)~9*Q*EXP(2.*Q)*(2.-Q) %
1-Q¥EXP(3.0%Q)

R=RPN/RPD

RQN=1.,0+Q*(1.5-A)+(Q**2)%(41,/45.-17. *A/6 JH(Q¥*3)*( . 2-,5%A)
RQD=1,0-Q%(A+0.5)-(Q**2)%(4.0/45,-5, O*A/G 0)+(Q**3 )+ (2,/45
1.0-A/6.0) ' =
RQ=RQN/RQD ' . ,
WRITE(3,99) ¢
WRITE(3,85)Q : -
WRITE(3,10}A,R,RQ i
S=RQ**0.5 ; t
T=RQ**1.5 ' , i
YN1=1.0+(7,/15.-10,0%R)*Q+(1./15.-3, %¥R)*(Q**2 ) +RA*xT+S*( (1 t
16./15.~8,*R)*Q-18, ¥R¥(Q**2)) i
YD=1,-(7/15.+18.%R)*Q+(1, /15 +9.¥R)*(Q*%2)

YN2=YN1/YD .
WRITE(3,20)YN2 _ .
Y=1.0 ' .

><::N
U nu
OOH
OOO

DO 30 I=1,10 :
H=1140. 1 : %
Y=Y*YN2 : . '
YN{T)=Y*Al
ZN(I)=Y*C1 .
WRITE(3,40)H,Y ' v
X=X+0.1 !
EXY(I)=A1*EXP(D*X)
ERY=EXY(I)-YN(I)
EXZ{I)=C1*EXP(Dx*X)
ERZ=EXZ({I)-ZN(1I)
WRITE(3,656)YN(I),EXY(I),ERY !
WRITE(3,70)ZN(I),EXZ(I);ERZ
30 CONTINUE ' '
99 ' FORMAT(5X, 'RESULT OF PRBLM/Y. FOR CASE K= 2 ORDER 6 h=.05',/)
20 FORMAT(SX,'YNZ- ’E18 12)
10, FORMAT(5X,'A R RQ ,3(E12.6,2X)/)
40 FORMAT{SX,’H= ,F5 3,5X,'Y= ',F18.12,/)
65 FORMAT(5X,'YN= ',F18.12,5X,F15. 12,5X,E10.4,/)

70 FORMAT(5X,'ZN= ,F18 12,5X,F15.12, 5%, ElO 4,/)
85 .FORMAT(26X,'Q = ',F6.4, 2X/) , . .
100 STOP

END , o

.71
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PADE-RESULT OF PROBLEM l‘FOR_ORDER 6

AR

YN=

=

TN=

=

YN=

Itey

.125

1
-, 016570203115

.250

-.010050304309

500,

- 0078271724237

1.000

2730546565639

002879437533

Q = -.1250

.123658E-06 .438503E-02

= 77879954641 2E100
! .

Y= i l77$799£46412:
571109295939 “’1.5741%1795570
-.016570229427
Y= 606528733492
26962333653 1.225966227079
012904866670 ~.012904907653

Y= .472364302529

LO54778909367 .954783457668

-.010050352186
Yz 1.367877104551

L743581381539 L74358610494195

~. 007827222153

Y= .286502522160

.

579100842663 .879105440462
. R s . L

4o

.0068095798344 ~-.006095846742

4

Y= .2231280343041

.451003473593 .4510077?05]3

.004747404985 =.004747450216
Y= .173772011908
» ¥ 4‘1.’ i T

.3512413006649 .351245204847

.003697276849 -.0G6369731794¢

Y= .135333564053

.273850040685
,-.002879471111
- i

|
3

72

.778819E100

.2500K-05

.2631E-07

.3893LE-05

LE008BE-07

.A548E-05

LATBAE-07

L4723 05

LAQT2E--07

LA598E~05

ABI0E-07

.4287-05

~.4623E-07

.3004E-05

.4110E-07

h¥e



.ADE~RESULT OF PROBLEM 1 FOR ORDER 6 h=.05
Q@ = -.1000

.A R RQ .441857E-07 .435442E-02 .818738BE+00

'YN2=  .818730334674E+00

273548642640 .273550032437 .1390E-05

LaxiP -

= .100 Y= .818730334674
= 1.654880463704 1.654881304481 ' .8408E-06
N= -.017419794355 —.0174IQBOSZOSj . -.8850E-08
= .200 Y= .670319360916 I
= 1.354900835894  1.354902212634 . .1377E-405
N= -.014262114062 -.014262128554 ' -, 1449E-07
.300 Y= 548810794702 :
= 1.109298414823 1.109300105591j ' .1691E-05
= -.011676825419 -.011676843217 -.1780E-07
.400 Y= .449328045619 j |
= .908216262422 _ .908218108134; .1846E~-05\
= -.009560171183 -.009560190612; -.1943E-07
500 Y= 367878501168 r
= .743584204489 . 743586093415 .1889E-05
= -.007827202153 -.007827222036 -.1988E-07
.600 Y= ,301193288381 '
= .608794944600 .608796800426 .1856E-05
= -.006408367838 ~-.006408387373 -.1954E-07
.700 Y= .246596081798 . ;
= .498438888741 . 498440661399 .1773E-05
-.005246725145 -.005246743804 -.1866E-07
.800 Y= .201895692586w- S
.408087038193 .403088696855 ,1659E-05
-.004295653034 -.004295670493 ~.1746E-07.
. 900 Y= .165298127955
.334113237356 .33411476510% .1528E-05
-.003516981446 -.003516997527 ~.1608E-07
1.000 y= .135334591622
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~-.1463E-07

-.002879474026

_.002879459396
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QEGPEN (UNTT = 3,
A1=95.0/47.0

RQ=RQN/RQD
JRITE( 3, 99)

RIQ=RO*¥*0 ,
R2Q=RQ**1 .

FID=1.-33.%Q/70.
' th YN1/YD
WHTF(W 20)¥YN2Z

EIN(T) =V %01
SWRITE(3,40)11, Y

BLPLICIT REAL*8 (A-11,0-2)
MIMENSTON YN(16), ZN(lﬁ) RXY(16),EXZ(16)

FILE=" RFSB’,STATUS = 'NEW')

'VITE(3,10)Q,RQ

FRE(Q*¥%2)/105.

“EYY( I)=ATXEXP{D*X)

CONTINUR
BEFORMAT (5, ' RXP

L FORMAT( 5%, ' YN2

ORMAT(5X, ' Q="
' F5.3,5X,'Y= ',F18.12,/)
,F18.12,5X,F15.12,5X,E10.4,

ORMAT (56X, ' 11=
,FORMAT(RY "YN=
QFORMAT( 5X, 'ZN=
B FORMAT (65X, 4T 15,
psTop
FEND

JEERY =EXY (T)-YN(T)

EXZ (1) =CI*EXD(D*X)
SERZ=EX7.(T)-ZN(T)
WRITE(3,65)YN(T),EXY(T),ERY
YRITE(3,70)ZN(T),EXZ(T),ERZ

FN RESULT FOR ORDER 7 h=.0625

=' ,E18.12/)
,FI0.4,5X,’RQ= 'I"18.12,/)

,F18.12,5X,F15.12,5X,E10.4
10,2X%/)

75

W EVALUATE Y({X) AND Z({X) USING MULTIDERIVATIVE LINEAR MULT-
aLEP METHOD FOR THE CASE K=2 ORDER 7 FOR PROBLEM 1

"NAPF Y(n+1}/Y{n) RY EXP Q

i HON=15.+7 . *Q+Q¥*¥2+16 . *Q*EXP(Q)
HRAD=15.0-7. *¥Q+Q**2

*Wﬂ 1. 0+1049 ¥Q/1890.,+37.%(Q**2}/315.+42, *RZQ/QI% +RIQ* (31 . %
49/15 +4 ., %(Q*%2)/105.)

OF PROBLEM 1,

|

/).
2l




30
939

o T——
- R A i

20
10
40
65
70

AN

ey Lo =
TR
Rl
—

IMPLICIT REAL*8 (A-H,0-Z)

DIMENSTON YN(16),ZN{(16), EXY(16),EXZ(16)
OPEN(UNIT = 3, FILE='REST’,STATUS = 'NEW')
A1=95.0/47.0

C1=-1.0/47.0

Dz"ZIO . ‘
HH=.005
Q=D*HH - :

TO EVALUATE Y(X) AND Z{X) USING MULTIDERIVATIVE LINEAR MULT-
ISTEP METHOD FOR THE CASE K=2 ORDER 7 ON PROBLEM 1 l
RON=30.+31.*%Q+11,.*(Q**2)-Q*%*3

RQD=30.0-29.%Q+9.%{Q¥*2)-Q**3 :

' EVALUATE R(q) USING PADE APPROXIMATION FOR Y(n+1}/Y{(n)

RQ=RQN/RQD

WRITE(3,99) .
WRITE(3,10)Q,RQ \
R1Q=RQ**0.5 ' f
R2Q=RQ*¥*1.5
YN1=1.0+41049.%Q/1890.437.*%(Q**2)/315,.+2.*%R2Q/945.,+R1Q¥(34.* .
1Q/35.+4.%(Q**%2)/105.)

YD=1.-33.%Q/70.+8%(Q%%2)/105.

YN2=YN1/YD ; ,

WRITE(3,20)YN2 g

¥=1,0 :

DO 30 I=1,20

H=H+0.01 {
Y=Y*YN2 . .
YN(I)=Y*Al 5
ZN(1)=Y*C1 { . ;
WRITE(3,40)H,Y

X=X+0.02

EXY{1)=A1*¥EXP(D*X)

ERY=EXY(I)-YN(I)

EXZ(I)=C1*EXP{D*X)

ERZ=EXZ(I)-ZN{I)

WRITE(3,65)YN(I),EXY{(I),ERY
WRITE(3,70)ZN(I),EXZ(I),ERZ

CONTINUE

FORMAT (56X, 'PADE APPROX.RESULT FOR ORDER 7 h=0.005 OF
1PROBLEM 1°,/)

FORMAT(5X,'YN2= ',F18.12)}
FORMAT(5X,°'Q=',F10.4,5X, 'RQ=",F18.12,/)
FORMAT(5X, 'H=',F5.3,5X,'Y= ',F18.12,/)
FORMAT (65X, 'YN=',F18.12,5X,F15.12,5X,E10.4,/
FORMAT(5X, 'ZN=',F18.12,5X,F15.12,5X,E10.4,/
STOP ‘

END

)
)
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EXP FN RESULT FOR ORDER 7 h=z0.0625 OF PROBLEM 1

YN=

YHN=

ZN=

~-.1250 nQ=

Hi

L1245

a0
o
=

375

. 500

fop)
%)
(64 ]

.000

.577327310344

016603445372

1.230886188063

.0129566986716

.960536724387

.010110912888

.45645944147875

.004804836293

778800783156

L700361932406E4+00

Y= .780361932486
'1.5%4171795570
-.016570229427
Y= .60B964745673
1225966227079
L.012004907653
Yz .476212905749
L 954783457668

-.010050352186

Y= .370838061473
7495662944606 743586104495
.007890171521 -.007827222153

Y= .2898387906290
.584933002076 579105410462

-.006157189496 - 006095846742

Y= .225827305791

451007770513

~.004747450216
Y= ©.176227032755
356203576845 351246204847
003749511335 7.053097317946
Y= . 137520867837 |
277967711585 273550010585
002925975911 002879474111

iy
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.3322E-014

.4520-02

.5179E-04

5753E-D2

.6056E-04

 5980E-02

.6295E~04

.5828E~02

.6134E-01

.5452E-02

.5739E-04

.41858E~02

.5219E-04

-.4418E-02

.4B650E-04
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YN=

ZN=

U=

YN=

" ZN=z

L2000 ¥s

.210 Y=

—.010973189411

-.0105 87G7u141

.0103780“)]3]

-.01049988499a

~.O]0103So3480

-.008681446551

-.009489741109

81

180 ¥E o 724607337040

.010565644927

~.0114844177270

~.o10417177390
.190 Y= 711756213001y
—.01d77885020g“__m;__ 010356431145
..0105654205 ~.010151360073,
| | 699131042600'

-.010113334187

-.014814070126
686730782998

-.013111800056

0146125 566373

220 Y= 671550462709
-.010 15425622 -.015110266081
-.010013345647 . 011811062772

,230 Y= . 1062586180099
—.01003403734f ' -.015108732261
~.009335545726 -.014309559324

.240 y= 65083410a60?
~.00980628393o - 015107198597
~-009F61096837 014808056029

.250 ' y= .639290473047 |

015105665089

-.014806552086

LA07BE-03

5730E~03

LA224E-03

LAT41E-03

. 1526E-00

.4438E-02

L4712k~

L A619T-02
L A895E-02
AT98E-02
LA974E-02

.5251L~ 2

.G6147E-02

.5424F-02

LH317E-02
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APPENDIX B
PROGRAMS AND NUMERICAL VALUES FOR PROBLEM 2 ;

Each program is for specific order k - scheme and the step length-

for each program is varied to obtain various solutions thereafter.

i
i
i
i




'es

LY

A

i1

IMPLICTT REAL#*8 {(A-H,0-2)

DIMENSTON YIN(16), Y9N(1F), YIN(16),Y4N{1G),EXY1(16),EXY2(16
1},EXY3(16), bXY4(16) D{3),Q1{(6),C(6),V{(5),W(5),YP(3)
OPEN(UNIT = 3, PILE=’SL3’, STATUS = *NEW')

D(1)=-0.1 ‘

D{2)=-1.0

P=D{1)}-D(2}
V{1)=(-9909.0-D(2))/P
V(2)=(~-1000.0-D(2))/P
V(3)=(9.0-n{2))/P
V{4)=(-0.1-D(2))/P
W1)}=(9909,.0+D(L)Y}/P
W{2)={1000.0+D{1))/P
W(3)=(=-9.0¢D{1)) /P
W{1)=(0.1+D{1)) /P

WRITE(3,99)
WRTTE(3,90)V{1),v(2),V(3), V(4)_
WRITE(S,90)W{1),w{2),W(3),w(4)
Hi=0.1

nO 31 K=1,2

QI{K)=D(K)*HUl

QR=Q1(K) '
TO EVALUATE Y(X) AND Z(X) USING MULTIDERIVATIVE LINEAR MULT-
ISTEP METHOD FOR THE CASE K=2 ORDER 4 ON PROBLEM 2 _
APN=1.042.0%Q+1.0/3 . #(Q**2)+EXP(2.%Q)# (2., 0% (Q*%2)-3.)/3.0
ADPD=QR 24 ENP (2. %Q) - Q*FXP( .O*Q)+Q*(Q+l.0) '
A=APN/ADPD

RPN=1.0+0+( 0**))/3 O-FEXP(2.*%Q)*(1.0-Q+(Q*%2)/3.)

RPD=3 . #(Q+#2)% (3, *EXP(2.%Q)+1.)/4.-Q*(EXP(3. *¥Q)-1.)
R=RPN/IPD -

RQN=T .+ (2. -A)%Q+ (4. /3. -A)*(Q**2)

RQD=1.-A%Q~(2./3. —A)*(Q+*Z)

RO=RON/RQD

WRITIE(S,11)50

WP (.3, 10)YA 1R, QY

TF(RQ.IY.0. n)ro TO 55

RQ= nns(nq)

T=RQ#*1,

YN1=R*Q*T+1.+(1.—R)*Q+(1./3.—3*&/4.)*(Q**2)
YD=1,-Q+(1./3.49.0%R/4, )% (Q*%2)

YP(K)=YNT/VD

CONTINUE

WRTTE(3,20)YP(1),YP{2)

Y=1.0
Z=1.0
H=0.0
X=0.0
no 30. T
H=11+0.2
Y=Y#YP(
Z=ZKY]{
YIN(IT )=
Y2N{1}=

}=

1,5

1
2
VI )Y+ (1) %7

VIZ2)I#Y+W (2 )%

JAN(T YEY+W(3}*Z

Y4N(T) )

WRITE(3,40)

X=X+0.2

EXY1{T)=V{1)*EXP(D(1)*X)+W(1)¥EXP(D(2)*Y)
ERI=EXY1(T}-YIN(T)
EXY2(U)=V{2)#EXP(D{1)*X)+W(2)*EXP(D(2)%X)
ERZ=EXYZ2(1)-Y2N(1)

EXY3(T)= =V{3)*EXP(D(1)*X)+W (3 )*EXP(D{2)*X)
ER3=EXY3(T)-Y3N(TI) a5
EXYACTY=VAVERXPLD(TYRX }4W (4 ) ¥BXP(D( 2 ) %X )

b, g e e

1
2
3
4

0

Vv
v *Y+W (4 )*2

)
)
{
!
{
(
40)H,Y

’ g e



ER4=EXY4(T)~-Y4N(T)

WRETE(3,60)YIN(L),EXY1(T), ER1
WRITE(3,70)Y2N(T),EXY2(I),ER2
WRITE(3,80)YIN(T),EXY3(I),ER3
WRITE(3,75)VAN{T),EXY4(I),ER4

CONTTINUE ,

FORMAT{5X, "RESULY FOR ORDER 4 h=0.1 ON PROBLEM 2, /)
FORMAT(SX, 'V{T1)=",4(E12.4,2X)/) k
FORMAT(OX, "W(T)=",0(12.4,2X)/)

FORMAT (56X, Y (1 )=" ,2F18.12,2x%/)

FORMAT(S5X,’'A R RQ',3(1R15.6,2X)/)

FORMAT(5X,' Q = ' ,2(F10.4,2X)/)

FORMAT(6X, "ti= ',F5.3,5X,'Y= *,718.12,/)

O

FORMAT(5X,’Yl= *,F18.12,5X,F18.12,5X,E10.4,/)
FORMAT(SX,'Y2= ', F18.12,5X,F18.12,5X,810.4, /)
FORMAT(5X, Y3= ' ,F18.12,5X,F18.12,5X,E10.4, /)
FORMA'T(5X, ' Y4= *,F18.12,5X,F18.12,5X,E10.4,/)
STOP j

END
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b

LA 5

WILE t o, gy

Yi= -2628.

Y= -255.

1 2 Y3= 2.
I va= -
%g;
3 H= .400
Y1= -3198,
¥2= -322,
. Y3= 2.
va= -,
H= .500
Yl= -3795.
y2= -382.
. Y3= 3.
Ya= -.
= L, 600

RESULT FOR ORDER 4 h=0.05 ON PROBLEM 2

Y= .970445532681

196745758465 ~2528.1967457658464

V(I)= -.1101E+05 -.1111E+04 © .1000E+02
W(I)=  .1101E+05 L1111E+04 -.1000E+02
AR RQ  .100033LE+01 .118728E+00
A R RQ .100333E+401 .120898E+00
YP(1)= 090049833454 904837416688
H=  .100 Y= .930049833{54
Yi= ~938.188710152108 ' -938.188710152108
Y2=  -94.680463230609 -94.680463230609
Y3= 852124169075 852124169075
Y4= -.009468046464 —}009468046464
H= 200 Y= . 980198672723
F‘ Yl= -1777.761825094169 ~1777.761825094169
1;, y2=  -179.408802613197 ~179.408802613197
'L- Y3= 1.614679223519 1.614679223519
5 Yi= ~.017940880529 ~.017940880529
g; = .300
'i;
é-

111461878946 ~255.141461878945

296273156911

2.296273156911
025514146568 -.025514146568
Y= . .960789438007
068054888938 -3198.068051888937
743773830754 ~-322.743773830754
904693964477 2.904693964477
0322743717864 -.032274377864
Y= .951229423083
133440748525 -3795.133440748522
998631622618 -382.998631622618
416987684604 3.446987684604
038299863743 -.038299863733
Y= .941764531900 &7

Lﬁlll.ﬂﬂld\li,nﬂé

"=~.1111E+00

«1111E+00

. 980050E+00

.904837E+00

.0000E+00

.0000E+00

.00D0E+0Q0

.0000E+00

.0000E+00
.0000E+00
.0000E+00

. 0000E+00

.1364E-11
.1137E-12
~.1332E-14

.1388E-16

.1364E-11
.1137E-12
-.1332E-14

L 1388E-16

.27281-11
.2274E-12
~.22206~14

.2776E-16
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I= ~4326.411444013024 . ~4326.41144013021 .3638E-11
Y2 -436.614334848423 ;435.514334843423  .3979E-12
¥Y3=  3.929529013636  3.829529013636 - . 3109E-14
Yq= -. 013661434135 _‘ -'.l()"|3556]41311'135 ':346913.-10
H=  .700 Y= .932393817961
Yi= "'4798.251505979169 Ti -47388.251805979105 +4547E-11
# Y25 -484.231688967515 | -484.231688967515 . 3979E-12
'f Y3= 1.358085200708  4.358085200708 - 44418-14
°r ¥4= -.048423169618  -.048423169618 L4163E-16
:E = .800 Y= . .923116344186 |
14 Yl= -5216.399122165437 -5216.399122165433 .36G38E-11
':g Y2 -526.430429121550 ~526.430429121549 AB4TE-12
. ¥3= 4.737873862094 4.737873862094 - . 3553E-14
" v4= -.052643043697 . -.052643043697 L4857E-16
af H=  .800 Y= 913031182820
;; Y1= -5580.050438383845 -5586.050438383841 A547E-1]
¢ Y2=  -563.735032635366 -563.735032635366 L4547E-12
%
. Y3= 5.073615293718 1 5.073615293718 ~.3553E~14
:® V4= -.056373504104 £ ~.056373504104 .4163E-16
o = 1.000 Y= .904837415339
2 Yl= -5911.907365731702 "5911.907365731698  4547p-11
l? Y2= -595.619978‘3‘76395 —596'.619978376395 .4'547E"12
' Y3= 5.369579805388 5.369579806388 - .4441E-14
Ya=  -.059661998727 . -.059661998727 4857E-16
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RESULT FOR ORDER 4 h=0.1 ON PROBLEM 2

V(I)= =~.1101E+05 -.1111E+04 .1000E+02
W(l)=  .1101E+05 .1111E+04 ~.1000E+02
AT OIQ . 100067E+01 §.118993E+00

A R RQ . 100666E+01 :.123295m+00

YP(I)= .980198672723 818730750638

H=  .200 Y= 980198672723 .

Yi= =-1777.761825094168

IY2= -—]79.408892613197
Y= 1.614679223519
Yd= -.017940880529
H=.400 Y=

Yl= -3198.06805648889356

Y2= -322.743773830753
Y3= 2.904693964477
Y4= . =.032274377864

H= (600 Y=

Yl= -4326.4114440130189

Y2= -436.614334848423
Y3= 3.9295298013636
Y4= -.043661434135
H= .800 - Y=

Y1= -5216.399122165430

Y2= -526.430429121549
Y3=  4.737873862094
Y4= ~.052643043697
H= 1.000 Y=

Y1= -5911.907365731694

Y2= -596.519978376395
Y3= 5.369579805388
Y4 = -.0596619981727

ga

WILE RS, TORY20(T ) EXY2(T),ER2

L =1777.761825094169

-179.408802613197

é 1.614679223519

-.017940880529

. 960789438007

-3198.068054888937
-322.743773830754
2.904693964477

-.032274377861

.941764631300

-4326.411444013021
~436.614334848423
3.929525013636

~.043661434135

.923116344186

. -5216.399122165433

—526.430429121549

4.737873862094

-.052643043697 .

.904837415339

-5911.907365731698
-596.619978376395
5.369579805388

-.059661998727

-, 1111E+00

. 1111E+00

.980199E+00

.818731E+00

LE137E-11

v 1137E-172

.1110E-1%

|

.1041E-16

L2274E-11

|

L2842E-12

.2220E-14
;

.2082E-16

+1818E-11

.2274E-12

L2220E-14

.2082E-16

t

. 3638E-11

L3411E-12

.3653E-14

.3469E-16

.363BE-11
.3411E-12
.2665E-14

-.3469E-14
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IMPLICIT REAL*8 (A-H,0-Z)
DIMENSTON YIN(16),Y2N(16), Y3N(16),YAN(16),EXY1(16),EXY2(16
1},xx¥3(16),EXY4(16),D(3).01(6),c(ﬁ),V(s},w(s),Yp{a)
OPEN(UNIT = 3, FTILE='SL1’, STATUS = "NEW') :
D(1)}=-0.1 -
D(2)=-1.0

P=D(1)-Dn{2)

V{1)=(-9909.0-D(2))/P

V(2)=(-1000.0-1(2))/P

V{3)=(9.0-D(2))/p

V(4)=(-0.1-D(2)) /P
W(1)}=(9909.0+D(1))/P

)=(1000.0+D(1))/P

W(3)=(~9.0+N(1))/P

W(4)=(0.1+D(1))/pP

WRITE({3,99)

WRITE(3,90)v(1),v(2),V(3),v(4)
WRITE(3,91)W(1),W(2),W(3),w(q)

HII=0, 005

DO 31 K=1,2

QUIK)=D(K)*Hp

QO=Q1(K)

TO EVALUATE Y(X) AND Z(X) USING MULTIDERIVATIVE LINEAR MULT-
ISTEP METHOD FOR THE CASE K=2 ORDER 7

EXPONENTTAL FUNCTION IS USED FOR PROBLEM 2
RQN=15.+7.*Q+Q**2+16.*Q*EXP(Q)

RQD=15.~7, %Q+Q#*2 -

RQ=RQN/RQD

WRTLI(3,10)q,

WRTTE(3,11)RQ

IF(RQ.LT.0.0)GO T0 55

RR=ABS({RQ) ' '

TI=RQ**0.5

T=RQ**1,5 :
-YNI:].+1049.*Q/]890.+37.*(Q**2)/3]5.+2.*T/945.+T1*(34.*Q/SS
1.+, %(Q*%2) /105, )

YD=1.-33.%Q/70.+8.%(Q*%2)/105.

YP{K)=YN1/VD

CONTTNUL -
WRITE(3,20)YP(1),YP(2)

Y=1.0 )

Z=1.0

H=0.0

X=0.0

DO 30 T=1,20

H=H+0.01

YSY4YP(1)
Z=ZEYP(2)

YINCI)=V(1)*v+uw (] )%y

YZN{I)=V(2)*Y+W(2)*7

YIN(T)=V(3)4Y+W(3)%2

Y4N(l)=v(4)*Y+w(4)*Z

WRITE(3,90)0,Y

X=X+0.0]
EXYI(I)=V(1}*EXP(D(1)*X)+W(1)*EXP(D(2)*X)
ERT=EXYI{I)-YIN(T) :
EXYZ(I)zv(Z)*EXP(D(l)*X)+W(2)*EXP{D(2)*X)
ERZ=EXY2(T)-Y2N{(T)
ExYS(T)=V(3)*EXP{D(]}$X)+N(3)*EXP(H(2)*XJ
ER3=EXY3(1)-Y3N(1)
EXYd(T)=V(4)*EXP{D{])*X)+W(4J*EXP(U(2)*K)
ERA=EXY4 (1 )~Y4N(T)

WRITE(R, 65)YIN(1 Y, BXYT(T), BRI 20
S WRITE(S, TOYVEN(T)Y FYVI(TY 1o

o




WRTIE(3 80 )YSN(T) FhYB(I),ERB
" ) Whl?L(B,fﬁ)YﬂN(L) EXY4(1),ER4"
30 CONTINUE

g 99 FOKRMAT{LX, "RESULT FOR ORDER 7 h=0.005 ON PROBLEM 2',/7)
F fﬂ)FﬂHMAT(UA 'V{f)=",4(E12.4,2X)/) '
~ 31 FORMAT(HX, 'W(1)=",4{E12.4,2X)/)

- 40 FORHAT(EX,’YP(I)z’ 2F18.12,2%/)
- 10 FORMAT(5X,'Q = ',2110.4,5X,2X/) .

- 11 FORMAT({5X *'RQ ',E15.6, Zh/)
- i0 PORMAT(SX, "H= ' ,F5.3,6%,’Y=",T18.12,/)

65 FORMAT(5X,’ Y=
70 FORMAT(5X, 'Y2=
80 FORMAT{5X,'Yd=
75 FORMAT(BY, 'Yd=
100 STOP
END

)
L,E18,.12,6X,1718. 12,)}. £10.4,
,F18.12,6X,F18,12,5X,E10.4,

1

',F18. 1a,>\ F18. 12,5X,E10.4
b
PLEEBL12,5X,F18.12,56X,E10,

91




RESULT FOR ORDER 7 h=0.05 ON PROBLEM 2

V(I)= -.1101E+05 -.1111E+04 .1000E+02
W(I)=  .1101E+05 .1111E+04  -.1000E+402
;

RQ .990050E+00
RQ .904837E+00
YP(I)= 992140220779 906706869786

= .100 Y= .992140220779
Y1= -940.621195996117 -938.188710152108
Y2= -94,925945705532  -34.680463230609
Y3z .854333511350 .852124169075 .
Y4= ~.009492594712 ~.009468046464
= .200 y= . 984342217688

Y1=-1786.095821341269

~17977.761825094169

~179.408802613197

Y2= -180.249855822108

Y3= 1.622248702399 1.614679223519
Y4= . —.018024985851 -.017940880529
H=  .300 Y= _'-.976605505180 |

Y1=-2545,358505377342

~256.873398463754

Y2=

Y3= 2.3118605861174
Yq= —.02568%340229
H= .400 Y=

Y1=-3226.509881192069

Y2= -325.614076212742

Y3= 2.930526685915
Y4= -.032561408106
= .500 Y=

Y1=—383G.894§95329803

Y2= -387.213078547765

Y3= 3.4849177064930
Y4= -.038721308432
H= ,600 Y=

<2528.196745758464
~-255.141461878945
2.296273156911

-.025514146568

. 968929601523

~3198.068054888937
~322.743773830754
2.904693964477

-.03227437786G4

+961314028775

-3795.1334407.48522
-382.998631622618
3.146987684604

-.038299863733

L953758312747

-, 1111E+00

V1111E+400

c2432E401

.2455E+00

-.2208E-02

.2455E-04

LB334E+01

JB411E4+00

-.7569E-02

.8411E-04

. 1716E+02

. 1732E+01

~.1559E-01

-.2583E-01 .

L1732E-03

 2844E+02

L 2870E+01

.2870E-03

+A1T76E+02

+4214F401

-.3793E-01

62

A214E-03
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-4326.411444013021

Y= -442.342401691668 ~436.614334848423
Y3= 3.981081615225 : 3.929529013636
Y= -.044234240828 -.043661434135
H=  .700 Y= 946261982979
Y1=74371.376413550332 -4798.251805979105
Y2= -491.611304223467 ~484.231688967515
'RE 1.424501738011 4.358085200708
Y4 = -.049161131155 , -.048423169618
H= .800 y= .938824572708
¥1=-5306.984537634598 ~5216.399122165433
Y2= -535.672160423312 -526.430429121549
Y3= 1.820149443810 4.737873862094
Yd= ~.053557216840 -.052643043697
H= .900 Y= .931445618840
Y1=-5694.957630532069 -558@.05043838384i
Y2= -574.725767537801 ~563.735032635366
Yi= 5.172531907840 5.073615293718
V4= -.057472577610 -.056373504io4
= 1.000 Y= .924124661920
Y1=-6039.794698741433 —5911.90%355731698
Y2= —609.5261579111;5 -596.619978376395
Y3= 5.485735421200 5.369579805388
Yd= :—.06095251669? ~.059661998727"
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LO676E+02
.5T28L+01
-.5155E~01

. 5728E-03

L 7312E+02
.T380E+01
-, 6642E-01

. 7380E~03

.9059E+02
.9142E+01
-.8228E-01
.9142E~03
.1089E+03
.1099E+02
-.9892E-01

.1099E-02

L1279E+03
LA1291E402
-, 1162E+00

L1291E-02



APPENDIX C

PROGRAMS AND NUMERICAL VALUES FOR PROBLEM 3

!
| .
{ Each program is for specific order k - scheme and the step length.

for each program is varied to obtain various solutions thereafter.
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IMPLICIT REAL*8 (A-H,0-Z)
DIMENSION YN({16),ZN(16), EXY(16),EXZ(16)
OPEN(UNIT = 3, FIILE=z'RS1', STATUS = 'NEW')
Al=1.,0
Cl=-1.0
D=-1.0
Hi=0.05
QO=D*1
C TO REVALUATE Y(X) AND Z{X) USTNG MULTINDERIVATIVE LINEAR M
G TSTEP METHOD TPOR THE CASE K=2 ORDER 2 PRORLEM 3
APN={EXP(2.%Q)~1.)/Q=2.-Q%{EXP({2.%Q}+1.)
APD==1, -0+, -QIEXT (2. %G}
A=APN/APD ,
RPN=(EXP(2.%Q)-1.)/0~1 . ~BXP (2. kY {mEaP(2.%Q)-1.1/3.
RPD=EXP( 3, kQ I+ EXP (2, 50) (4. +5 . %01 /4. ~{B.4+15.#Q) /1.
R=RPN/RPD ‘
noN=1.0+Q*(2.n-A)+rQ**zJ$(1.U—A)
e o - A e A Y k)
Had 1N /160 1) g '
WRITE(3,99)
WRITE(3,85)Q
WRITE(3,100A,R,RQ .
T=RQ**1,5
YNI=4, 0¥kR¥Q*¥T-RAQE (R, +15.,%¥Q)+4 . %{ 1. +Q+ (Q**2)/3.)
YD=4,%(1.~-Q+(Q**2)} /3. }-R¥Q¥(1,45,*Q) '
YN2=YNLI/YD
WRITE(3,20)¥YN2 _
¥=1.0 : ,
CZ==1.0
n=0.0
X=0.0 :
no 30 1=1,10
H=H+0,1
Y=Y*YN2
YN(I)=Y*A1l
ZN{(T)Y=Y*C1
WRITE(3,40)H,Y
X=X+0.1
EXY({I)=A1*EXP(D#*X)
ERY=EXY(I)-YN{I)
EXZ(I)=C1*EXP(D#*X)
ERZ=EXZ(I)-ZN(T1)
WRITE(3,GH)YN(I),EXY(T),ERY
WRTTE(3,TOYZN({ )Y, EXZ( 1), ERZ
30 CONTTNUR
aa FORMAT(OXN , " RSO o0 PROITLEM 6 190 A e 0 RIS 1 L M
=0.08,/) '
20 FORMAT{AHX, "YN2= ' 1R, 12/)°
10 FORMAT({5X,"A R RQ ',3(E12.6,2X)/)
40 FORMAT(S5X,'ll= *,FF6.4,5X,'Y= ",F18.12,/)
G5 FORMAT(SX, "YN= ', ,¥18.12,5X,F15.12,5X,010.4,/)
70 TFORMAT(S5X,'ZN= ',F18.12,5X,F15.12,5X,E10.4,/)
85 FORMAT(25X,’Q= ',F7.4,2X/)
100 sTOP ‘
‘END
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IMPLICIT REAL*B (A-H,0-7)
DTHENSTON YN(IG),ZN(16), EXY{I16),FX7Z(16)
OPEN{UNTT = 3, FILE=sont?, STaTus = NEW? )}
Al .0 .
Cl=-1.0
P=-1.0
HII=0.1
Q=D*iil
C TO EVALUATE Y(X) AND Z(X) USING MULTIDERIVATIVE LINEAR MULT
C ISTEP METHOD FOR THE CASE K=2 ORDER 4 PROBLEM 3
: APN=1.42 . %Q+4. % (Q¥*2) /3 +EXP(2. Q) * (2, % (Q¥*2)~3. ) /3.
APD=Q¥EXP({2.%¥Q}*(Q-1.)+Q*(]1.+Q)
A=APN/APD : :
RPN=1,+Q+(Q¥*2) /3. -EXP(2.%Q)*(1.-Q+(Q**2)/3.)
RPD=3.*(Q**2)*(3.*EXP(2*0}+1)/4.0—Q*(EKP(3.*Q)*1.)
R=RPN/RPD _ -
RON=T.04Q%(2.0-A)+(Q**2}%(41.0/3.-4)
RQD=1.0-Q*A-(Q**2)%(2.,/3.-A) '
RQ=RON/RQD
WRITE(3,99)
WRITE(3,85)Q K
WRITE(3,10)A,R,RQ :
T=RQ**1.5 _
YNlrn*Q*T+l.+Q*(1.-R)+(Q**2)*(L./S.-(B./4.)*R)
YD=1,-Q+(Q¥*2)%(1./5.+({2.,/4.)%n)
YN2=YN1/YD .
WRITE(3,20)YN2 ;i
Y=1.0 :
"Z=-1.0
H=0.0
X=0.0 .
DO 30 1=1,1tu
H=H+0.2
Y=Y*XYNZ2
YN(I)=Y*A1l *
ZIN(I)=Y*C1 !
WRITE(3,40)H,Y '
X=X+0,2 _ f
EXY{I)=A1*EXP(D*X) :
ERY=EXY(I)-YN(T)
EXZ(I)=C1l*EXP(D*X)
ERZ=EXZ{I)-2ZN(1) ,
WRITE(3,65)YN(I),EXY(I),ERY
WRITE(3,70)2ZN(I},EXZ(I),ERZ
30 CONTINUE :
99 FORMAT(?X.’RESULT OF PROBLEM 3 TFOR CASE K=2 ORDER 4 USING h
1=0.1",/

x 20 TORMAT(5X,'YN2= ' ,E18.12)
iy 10 FORMAT(5X,’A R RQ '3(E12.6,2X)/)
: 90 FORMAT(5X,'ll= *,§6.4,5X,’y= ',F18.12,/)
-t 65 FORMAT(5X, 'YN= 'WF18.12,5X,F15.12,5X,%10.4,/)
K 70 FORMAT(5X,'ZN= U812, 5K, F15.12,6%,110.4, /)
) i ¢ 85 FORMAT(25X,'Q= *,F6.2,2X/)
W tee svop
e ] END
-
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IMPLICIT REAL*8 (A-H,0-2) '
DIMENSTON YN(16),ZN(16), EXY(16),EX7(16)
OPEN(UNIT = 3, FILE='WAS1’, STATUS = ’NEW')
Al=1.0
Cl=-1.0
D=-1.0
HU=0.0027
Q=D*{iu
TO EVALUATE Y(X) AND Z{X) USING MULTIDERIVATIVE LINEAR MULT-
ISTEP METHOD FOR THE CASE K=2 ORDER 6 PROBLEM 3 .
APN=3.0+14.0*Q/5.+(2./3.)*(Q**2)+(4.*Q/15.)*EXP(Q)*(12.0+7.
LO*Q)+EXP(2.0#Q)* (4. % (Q*%2)~45,0)/15.0
APD=Q#*(3,0%Q)+4 . % (Q**2 ) *EXP(Q)-Q*¥EXP(2.4Q)*(3.-Q)
A=APN/ADD y : ' :
RPN=1.4+7.%Q/15 . +(Q%%2)/15.+16.%Q+*EXP(Q) /156, ~EXP(2.%Q)* (1.0
17.%Q/15.+(Q*%2)/15.0) ]
RPD:Q*(10.+3.*Q)+9.*Q*EXP(Q)*(1:+2.$Q)—9*Q*Exp(2;*Q)m(2.—@)
1-QFEXP(3.0%Q) T
R=RPN/RPD Coe
uQN=J.0+Q*(1.5-A)+(Q**2)*(41./45;-7.*A/6.)+(Q**3}*(.2-.5*A)
RQD:l.0~Q*(A+0.5)—(Q**2)*(4h0/45}-5.0*A/6.0)+(Q**3)*(2./45
1.0-4/6.0) : ' , o
RQ=RON/RQD .
WIRTTIE(3,99) ' :
WRITE(3,10)A,R,RQ
S=RO**0.5 '
T=RQ**]1,5
YN1=1.0+(7./15.—10.0*R)*Q+(1./15.~3.*R)*(Q**2)+R*Q*T+S*((l
16./15.-9.%R}*Q-18.¥R* (Q**2)) '
VD=1~ (7/15.418.%R)*#Q+(1,/15.+9. %R )% (Qe*2)
YN2=YN1/YD
WRITE(3,20)YN2
Y=1.0
Z=-1.0
H=0.0
X:O;O
DO 30 I=1,20
H=H+0.0054
Y=Y*YN2
YN{T)=Y*¥Al
ZN{1)=Y#C1
WRITE(3,40)H,Y
X=X+0.00514
EXY(T)=A1*¥EXP(D*Y¥) !
ERY=EXY(I)-YN(I)
EXZ(I)=C1¥EXP(D*X)
ERZ=EXZ(I)-2ZN(I)
WRITE(3,65)YN(I),EXY(I),ERY
WRITE(3,70)ZN(I),EXZ(I),ERZ
CONTINUE ‘
FORMAT(5X, "RESULT OF PROBLEM 3YFOR CASE K=2 ORDER 6 USING h
1=0.0027',/)
FORMAT(5X, 'YN2' ,F18.12)
FORMAT(5X,’A R RQ',3(E12.6,2X)/)
FORMA'T(6X,'H= ',F6.4,5X, 'Y= ',Fi8.12,/)
FORMAT({5X, *¥YN= ',F18.12,5X,F15.12,5X,E10.4,/)
FORMAT(5X, ' ZN= ',F18.12,5X,P16.12,5X,610.4,/)
STOP
END
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APPENDIX D

PROGRAMS AND NUMERICAL VALUES FOR PROBLEM 4

Each program is for specific order l{‘ - scheme and the step length
t

for each program is varied to obtain’ various solutions therecafter.
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IMPLICIT REAL*8 (a-H,O- Z)
DTHLNS]ON YN(16), AN(]F), EXY(]G),EXZ(16),EXZZ(16),D(G),Q1(
»C{6},22ZN(186),v(4), YP(4)
PFN(UNIT = 3, FILE='RST2’, STATUS = ’NEW')
D(1)=0.0 '
D(2)=-0.009828572
D(3}=-3500.003714

VIT)=(D(2)+0.013)/D(2)

V(2)=1.0+32.5/(D(2)*D(3))

VI3)=(0.013%(D(3)-D(2))+45. 5002)/(nD(2)*D(3))

u1~(13 0000240, SOT3ED(3) )/ (D(2)%(D(2)-D(3)))
-32, )/(D{L)J(U(3)—)(£)))

ua (o 0134D(3)-45.5002)/(D(2)%(D(3)-N(2)))

S WRTTE(3,99)
WRITE(3, 90)V{1),v{2),v(3),n1,82,n3
=0, 1
N 31 K=1,3
QI{K)=D({K )+
Q=Q1(K)
TF(Q.EQ.0,M)GO 10O 41
TO EVALUATE Y{X) AND Z(X) USING MULTIDERTVATIVE LINEAR MULT -
ISTEP METHOD FOR THE CASE K=2 ORDER 2 ON PROBL.EM 4
APN={1.0-6XP(2.%Q))/Q+2.0
APD=1L . ~EXP(2.0%3)
A=APN/ATD
REN=CUXP2.40) =1, ) /Q-EXP(2.%Q) 1.0
RPD=EXP(3.*Q)—3.*EXP(2.*Q)/2.+0.5
R=PN/1PD '
RQN=1.+(2.-A)+Q
RQL=1 ., -A%Q
RQ=RON/RGD
WIFTE(S, 10)YA, 1], 1Q
TE{RQLYT.0.00GO 10 55
RQ=ABRS (i)
T=l(gka] | 5
YN!:R*Q*T+I.+0.5*Q*(2.+R)
YD=1,-0.56%Q%(2, -3, x10)
YP(K):YNI/YH
ClR)=V(RK)
CONTTNULR
NRITE(S,SOJC(] c(z2) ,C(3)
WRITE{3, 20y (1 ,Yl 2),¥P(43)
Y=1.0

.0
DO 30 I=1,5

H=H+0.2

Y=Y*YP(2)

YN(T)=v{1)+Y*D1
IN(I)=V(2)+Y*132
ZZIN(T)=V(3)+Y+B3
WRITE(3,40)1,Y

X=X+0.2

EXY(I)=v(1]) rn1+rxp(n(a)*X)
ERY=EXY(T)-¥YN(T)
EXZ(T)=V(2)+B24LXP(D(2)4X)
ERZ=EXZ(1)-2ZN(T)
FA//(T)—V(1)+H1$F\P(D(2)+\)
rRzz_I\/f(f ~2ZN(T)
WRITIE(3,65)YN(T),EXY(T), ERY _ 172
WRITE(3, 70)7ZN( I),]\/(]) LR T
WHIIL(J.SU)ZKN(T],EXZZ(I}‘EHZZ




90
50
20
10
40
65
T0O
Hi)
100

el b RAR

IR AR AR TR T LA AR T Y jﬂ“i'ﬁﬂ T RIR A

lOHMAI‘( X, "HESULY FOR ORDER 2 h=0.1 ON PROBLEM 4 "W/

FORMAT{5XY,'v(T) B',6(F8.4,2%X)/)

FORMATT(SX,"C(1)=" 1(?6 1, zx)/)

FORY HI(; VIYPLUT) J(E10.: y2X)/)
FORMAT(ON, A R IQ 3(?18 12,;\)/)

FORMAT (5%, *Hi= ’,FS.3,UA,’Y= "WF18.12,/)
FOUMAT (AN, " YN= LM18.12,6), K715, P2,5X,R10.9,/)
FORMAYT Y SN, T VN= AR S O 12,0X,610.4,/)
FORMAT(BX, ' 27= LR O12,5X, 715 L12,6X,E810,4,/)
srop

END
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44
31

IMPLICIT REAL*S (A-H,0-~2}

DIMENSTON YN(16),ZN(16), EXY(IS),EXZ(lG),EXZZ(lG),D(ﬁ),Ql(
16),0(6),ZZN(IG),V(4),YP(4)

OPEN{UNIT = 3, FILE="TAL’, STATUS = ’NEW’) 
D{1)=0.0 !

D(2)=-0.00928572

D(3)=-3500.003714

V(1)=(D(2)+0.013]/D(2)

V(2)=1.0+32.5/(D(2)*D(3))
V(3)=(0.013*(D(3)~D(2))+45.5002)/(D(2)*D(3))
Bl=(13.00002+0.013*D(3)}/(D(2)*(D(2)-D(3)))
B2=—32.5/(D(2)*(D(3)—D(2}))
B3=(0.013*D(3}—45.5002)/(D(2)*(D(S}*D(2)))

WRTTE(3,99)
WRITE(3,90)V(1),v(2),V(3),B1,B2,B3
HH=0,0625

DO 31 K=1,3

QLIK)=D(K)*i

Q=Q1{K)

IF(Q.LQ.0.0)GO TO 44

TO EVALUATE Y(X) AND Z{X) USING MULTIDERIVATIVE LINEAR MULT-

ISTEP METHOD FOR THE CASE K=2 ORDER 4 OF PROBLEM 4
APN=1.0+2.0*Q+4.0/3.*(Q**2)+EXP(2.*Q)*(E.O*(Q**Z)—S.)/3.0
APDzQ**z*EXP(z.*Q)-Q*Exp(z.0*Q)+Q*(Q+1.0)
A=APN/APD :
RPN:].0+Q+(Q**2)/310—EXP(2.*Q)*(1.0—Q+(Q**2)/3.)
RPD:S.*(Q**Z)*(3.*EXF(2.*Q)+1.)/4.-Q*(EXP(3.*Q)—1.)
R=RRPN/IIEPD
RQNzl.+(2.—A)*Q+(4./3.—A)*(Q**2)
RQD=1.—A*Q—(2./3.~A)*(Q**2)

RQ=NON/RGD

WRITE(3,85)Q

WRITE(3,10)A,R, RQ

IF(RG.LT.0.0)GO TO 53

RQ=ABS(RQ)

T=RQ%*] .5 :
YN}:R*Q*T+1.+(1.—R)*Q+(1./3.-3*R/4.)*(Q**E)
YD=].—Q+(]./3.+9.0*R/4.)*(Q**2)
YP{LK)=YNT/YD :

C(R)=vV(K) ' .
CONTINUIL ~ ’
wRITE(J,SO)Cfl),c(z),0(3)
wu1wm(3,20)yp(1),vp(2),Yp(a)

¥=1.0 _

2=1,0

27200

H=0.0

X=0.0

DO 30 I=1,8

H=l140.,125

Y=Y®YDP(2)

YN{T)=v(1)+Y*B]

IN(Y ) =v{2)evans

ZAN{1)=V(3)+Y*RB3

WRTTIE(3, 4004,y

X=X+0.125

EXY(J)=vfl)+Hl*EXP(D(2)$X)

ERY=EXY(T)~YN(T)

EXZ(f}zV(Z)+B2*EXP(D(2)*X)

ERZ=EXZ(T)-zN(T)
EXZZ{I}=Vf3)+B3*EXP(D(Z)*X]
LRZZ=UNZ2Z(V)-22N(]) . _ 117
WHITM(S,GS}?N(T),EKY(I),ERY
WRTTR(R.TD)ZM{T).EXZ{I).HNZ
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30
99
90
50
20
1
40
65
70
80
85
100

BN ST W i U;Linv\.lJ,J...'.._L\J},ILKLZS

(‘ON F'TNUE

FORMAT(5X, "RESULT OF PRB 4 FOR ORDER 4 h=0.0625" /)
FORMAT(5X, ’V(I) B’ 6(F8.4,2X)/)

FORMAT(5X,'C(1)=

3(16 4,2X)/)

FORMAT(5X, ’\P(h) ,3(F18. 12 2X)/)
FORHAT{ﬁX, AR RQ',3(ELSR. a\J/)
yF5.3,5%, Y& ,F18.12, /)

FORMAT (5%, 'H=
FORMAT(5X, 'YN=
FORMAT({5X, "’ ZN=
FORMAY(5X,'22=
FORMAT(5X,’Q =
STOP

END

"WF18.12,5X%, I‘l’i 12,8X,R10.
’,1'18 12,5¥%,F15., ]a,)}x 1210,
1]
1

F18.12,5X,F15, 12,5X,
,1?].2.6,2}(/)
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T o

3 PROGRAMS AND NUMERICAL VALUES FOR PROBLEM 5

Each program is for specific order k - scheme and the step length

for each program is varied to obtain various solutions thereafter.
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IMPLICIT REAL*8 (A-11,0
DIMENSTION YIN(CI6),V7L(
1),EXY3(16),FYva(1ey, nt

- OPEN(UNTT = 2, Frnipr-'s

D{1)=-0.1 - '

D{2)=-10.0

P=D(1}-n(2)

! a), FY\”(IC
t! 3)

A } )

G, YANO16), VAN
) (!
LTN

ot !6} C(RY, VW
1Y, STATHS =

-

v (-0.1- D{“) -
-10.0- D(°)}/P S
-100.0- D{“)\’“ i - .

1000, Nt e ‘

1+n{1 )/ - ‘

W 10 0+D(1))/P )

TR (100,0+0( 1)) ,

WiA)=(1000.04nc 1 /1 .

WRITR(3,99) ' 4

WRITR(3,90) )01 1 fs vy e gy

WP, TwWi i B A .", Wit

HH=0,5 o
DO 31 K=1,2

QL{K)=D(K}*HN

R=Q1{K) = .
TO EVALUATE Y(X) ANP 7(%) 'STMG MULTTDERTVATTVE LINEAR MULT-
ISTEP METHOD FOR THE CASE =2 ORPER 2 ON PROBLEM 5

ATN=(1.0-EXP(2.*Q))/qQ+2.

APN=1.0-EXP(2. *Q)

A=APN/APD - |

RPN=(-1.0+BEXP(2.%Q) ) /Q~EXP(2.%0)}-1.0
iPD=EXP(3.*Q)}-1,8%EXP(2.%Q}+0.5
. I .
)

1
vi{2)={(
V{3)=(
V{dy=(-
W (0
{ (

4
"t
1
o
L]

O T I S T I TR T I

i L

R=NRPN/RPD
RQ=(1.0+(2.0-A)*¥QY/(1.0-2%Q
WRITE(3,11)Q
WRITE(3,10)A,R,R% |
T=RQ**1,5 ) :
YNI=R*Q*T+1.0+0.56%Q% (2. +R) - . ' .
YD=1.-0.5%Q*(2.n-3. *R) ) -
YP{K)=¥YN1/YD
.CONTINUE | :
WRITE(3, 20}vp(1) Yr(2) ! ST ,

Y=1.0 : '
7=1.0

H=0,0

X=0.0

no 30 1=1,10 -

= 1.n

VOV

Z=7XYP(2)

YIN(T)= V(I)*Y+w(1\*i R
Y2N(X)=V(2)*ry+w(o)*7
"YIN(I)= V(?)*Y+w(?)*”
YAN(I)=V{a)*¥y+W(4)*p ‘
WRITE(3,40)I1,v | % -
X=X+1.0 &
EXVI(I)= V(1)1FYP(D(1\*V)+w{l)*FXPfD(“)*Y)
ERI=EXY1(I)=~YIN(T)
EXY2(I)=V(2)*ExD (DfT}*V)+W(“)'P‘P(D( 2)¥X)
ER2=EXY2(T)~Y2N(T)
EXY3(TI)= Vf?}*FVP(Df!‘*‘}iw(ﬁl*FVP!n(g)*x}
ER3=EXY3(T)-Y3IN(T) -
EXYA(T)= V(1)*F\P{D(I)"\!‘(I}fF‘P’“!?)*X)
FR= F\Yd(T)—ViN’T‘
WRITT{ 3, B0 )VIRITY , Xy 10T) ., IRI
wnTann,7n}v:wf'*.“wt~r:~ e 19

[




' Ny Tl el B - bR e a1 Y e Stip

YRITE(SI, T5)VAR(T) By (1Y, FP Y
0 covTrE : ' | |
NN MAT(AY 'nr-‘"""' FOLLCOREn s G o rnhngey a0
‘ th IUI.M\!{J\, V(). i(!n_i:'.!..!‘_\.:". ”‘r". '-“
21 FORMAT(5X, "W(T)=', 1{F1?. :-"N)U)
' 20 FORMAT(5X, 'YP(T IS 12,2x7)
10 FORMAT(5X,'A R RQ’,3(F15.4 ) 2X) /)
' 17 FORMAT(5X.' @ = ,2(|:0 250/)
. 40 FORMAT(5X,’'H= ' ,F6.3,5Y ’\— YLUEIR, 12, 7)
' 65 FORMAT(5X,’Yl= ',E18.1%,5X V180 12,6X,810,4,/)
¢ 70 FORMAT(5X,'Y2= ' R18.12,6X,R18.12,5%,010.4, /) : |
' 80 FORMAT(5X,'Y3= *,F18.12.6%,F18.12 6X.F10. 4 /Y
i 75 FORMAT(5X,’YA= ', TI2.12,56%.F12. 12 5% 110, '/)
1100 STOP o A '

"‘l

-

13120208

END
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= 5.000 Y= .60653065519041C0

.192874984796E-21 192874984796F

P ]

551391504804E+01 1391504804E+01

I

.606530655285E+02 6065306652858 02

i

000 Y= .548811631187E+00

.5A8811631187E+00 . .G48811631187E400

. 498919664791F10] - . 498919664791E101
5408116312701 102 - 548811631270E102
.00 Y= .196585298612E+00

.496585298612E100 © .196585298612E400
1387511973591  .397544973591E-50

.451441180624L+01 -.451441180624E4+01

. 000 Y= .449328958761LE+00

L 4193289587614 00 1493289587615 00
180185 138784E~34 .180485138785L-
A0GIL0BTIE62E101 . 408480871G62E101

L 930605882861 02 . -.,419328058828E102

3.000 Y= LA065C49654288E100
SAGCHENGHILHBE GO .A06569654288E+00

LB191901262598E -39 | 8194012623998 29

JACHCOBTTEEBIE 101 -, 3690087766101
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.GO65306651 942400 - . . 606530655 194?!00.

LBT565L0TGL69E-206 .875651070270R—26-

.49658529%86865402 49658o298686£409

-.406569654349E102 ~.406569654349E1027

2220FE-15.

.8504E-34
L1776T-14

L2132E-13

.3331E-15
L AG32LE-38
L3563E-14

,2842E-13

3

.3331E-15

©L.2453L-42

.2665 E 14

.3553E-13

.3331E-15

1273E-46

2665E-11

L3G53E-13

L3331E 16
.6501E-51

.3100E-14

3LG3E-13
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F
.
4
'
:

Lo T T
2

IMPLICIT REAL*8 (A-11,0-Z)
| DIMENSTON YIN(16),Y2N(16), Y3N(16),Y4N(16),EXY1{16)},EXY2(10

-7 M) L,EXY3(16), 1\\1(10),n(3 Ql(G),C(G),V(ﬁ),W(S),YP(S)
o »* JOPEN(UNIT = 3, F1LE= sll\ , STATUS = 'NEW')

i D(1)=-0.1 :

8§ {D(2)=-10.0

Y

ji P=D(1)-D(2)
A2 Y v(1)=(-0.1-D(2))/P
© L 1 V(2)=(-10.0-D(2))/P
Lol vs)=(-100. o D(E))/P
T T v =(-1000.0-D(2)) /P
ot P wW(1)=(0. 1+n(1))/v
* 1 w(2)=(10.04D(1))/P
;o W{3)=(100.0+D{1))/P
2l w(4)=(1000.0+D(1})/P
ot WRTTE(3,99)
S WRTTE(3,90)V(1),V{2),V{3),V(4)
. WRTTPE(3, 91)W{1),Ww(2),W(3),W(4)
+ 1 HH=0.5
+ DO 31 K=1,2

Ql{K)=D{K}*HN

Q=Q1(K)

TO EVALUATE V(X)) ARD Z{X) USTNG HMULTTDERIVATIVE LITNEAR MULT-

ISTEP METHOD FOR THE CASE K=2 ORDER 1 ON PROBLEM &

APN=1.042.0%044.0/3 % (Q¥#2)+EXP (2, *kQ)*(2.0%(Q**2)-3.)/3.0

APD=Q#* 2% EXP( 2. %Q)-Q*EXP(2.0%Q}+Q*(Q+1.0)

i | A=APN/APD

REN=1. 040+ (Q%%2) /3. 0-TEXP(2.%Q)*(3.0-Q+(Q**2)/3.)

4 RPD=3 . % (QEs2 )k (3. #¥EXP(2.%Q)+1.)/4.-Q+(EXP(3.#Q)-1.)
R=RPEN/RPD

RON=1 .+ (2. =AY*Q+ (1. /3. -A)¥{QF*2)

1 RQD=1.-A#Q=(2./3., -A )R (Qk*2)

©§ RQERON/RQD

* FHRTTE(3,11)Q

L WRITE(3, 10)A, R, RQ

. ] IF(RQ.LT.0.0)GO TO 55

. RQ=ABS(RQ)

T=RG#**1,5 .

YNI=REQ*¥T4+1.4( 1. ~RY*Q+{1./3.-3%R/L. ) *#(Q**2)

YD=1.-Q+(1./3.+9.0%R/4,)*¥(Q**2) .

4 YP(K)=YN1/YD

3 CONTINUE ‘

wnlﬂu.(s,eo)Yiw'll,YP(zl

LA, T

ot

ce« L3 DO 30 I=1,10
w1 H=N41.0

© o i Y=Y*YP(1)

o+ ] LRZ¥YP(2)

L VINGD) =V (1) #Y () %2
o ven (T Ev (2 ) RYeN(2) %7
s b YSN(TI)=V(3)4Y+W(3) %2
LT VAN T Y2V )RV W () %Y

a .. WRITE(3,40)}1,Y

-y -1 X=X+1.0 .
. EXY1 (1)) avV {1 )*¥UEXNDP{D( 1 )X I+ W1} EXP{D{2)%X)

ER1I=EXYI(T)-YIN(T)

EXYZ(T )=V {2)+#ENP(DI Y45 4 W 2) RN (DN{2YEY)

ERZ=EXY2(T)-Y2N(1)

EXY3({1)= VI3)FEXPIDI IS I+W{ 3 )XEXP(D({ 2 }14X)

FRA=ZFYV ALV -V arif 1
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| : AN DR S O R PP WEES]
I KR4 = LAY4(I) x:u(r) -
oy WRITE(3,65)YIN{T),EXVI(Y),ERI ‘
IRICE WRTTE(B,?O)YZN(I) FXY2(T),ER2
PN WRITE(3,80)V3l(T),EXY3(T),ER3
77 P WRITE(S, 75)v4N(T),EXY4(T),ERI
F ot ) CONTIHUR ,
8 § FORMAT(5X, "RESULT FOR ORD]R 4 h=0.5 ON PROBLEM 5°,/)
-~ b FORMAT(5X, ' V(1)=",4(E12.4 /)
b FORMAT(5X, ' 'W({1)=" !(Lla. x)/)
I FORMAT(5X,'YP(1}=" 2r18 12 2x/)
© D FORMAT(5X,’A It RQ’,3(M16. h,zx)/)'
 FORMAT(O5X,' Q@ = ! (l*l() 1, d\)/)
] § FORMAT(HX, 'lI= ,H) d,"aX,’Y L18.12,/)
2 F FORMAT(5X,°Y1= ',E18.12,5X%, £18., 12,5X,510.4,/)
= ® ) FORMAT (56X, ¥2= TIH 1z,ax £18.12,5X,%E10.4,/)
: % ) FORMAT(5X,'Y3= ',E18.12,5%X,E18.12,5X,E10.4,/)
- b FORMAT(SX,’Y1= ' E]B.lB,SX,ElB.]Z,SX,ElO 4,/)
alf b STOP '
S END
oRLd
.
i
P¥
iy ‘
ol 4
‘.'K;’.f
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RESULT FOR ONDEHR 4 h=0.5

Y= .004837416688Fl00

Y2=  .453009297¢20E-04

i

Y3= -.822533657183E+01

Y4= ~.9047915 6289aE+08

.000 Y:

=
"
r

Y1iz .818730750638E+00

Y2= L206115362244E-08

i Y82 - .7443006804305101

Ydz - .818730T486795+02
Hz  3.000 Y=

Yl= .740818217370E+00

w2
RRNE
n

9357622968831E-13

Y3= -.87314711068017+01

Yd= -.740018217481E4102

'f} Hz  4.000 Y=
vi= :670320042940E400
Y2= 2183854255 29E-17
Y3z -, 6093831856492L401

Yd= -.67032004214112402

.7408182

ON PRODLEM 5

V(I)=  .1000Ei01 .0000FA 00 ~.9091E+01
W(I)=  .OGOOEI0O0 .1oooﬁ101 . 1009E+02
() = LE00 T
AR RQ L100339E101 1208981400
& 4
qQ = ¥5.0000 g
A It RQ L121662E+01 . 315046E+00
YP(1)= . 801837416688 000045399930
= 1,000 vz 004837416688r-00

90483741068PF|00
40399J2J7b2 204
8°20336o718?Ti01

904?91a6£8JuE+02

8187307o0638r+00

.818730750638E400
.20011 3622414108
~.7?E“00”80430F+0]
ﬁ]8730748673f!02
r0L+00 -
.7458182]7370E+00
‘.935762296884E—13
—-.673471106801R 101

740818217481Li02

.67032 0042040Er00

.670320042040F+00
.424835425’2UP—17
-7.609381856492E101

-.6G70320042141E+02
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-.1000E+03

~.1010E+03 -

L904837LE400

LA53939E-04

.0000E 100
L1605E-16
.0000E 100

.0000L+00
.0000E+00

LGUO0TE+00

.000012r00

00001400
L 9926E-25
.0000E +00

00002400

L0000E+00
.GOOBE-29
.ooooz+oo

.0000T+00
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