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Abstract
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1 Introduction

After Huang and Zhang [8] re-introduced cone metric spaces, several authors
have extended many known fixed point results in usual metric spaces to cone
metric spaces (e.g. [1,2,11-14,18]). Recently, F. Sabetghadam and H. P. Masiha
[17] investigated the existence of the common fixed point of generalized p-pairs
in cone metric spaces, a notion previously studied by C. Di Bari and C. Vetro
[6]. Our first aim in this manuscript is to make use of the simplest of such ¢
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[p(w) = kw] to generalize and unify their results with those in [1]. The corol-
laries of our Theorems provide integral type conditions under which mappings
in cone metric spaces have common fixed points. conditions which are more
general than those in [12]. After several studies of integral type operators in
metric spaces (e.g. [4,5,7,16,19]), the authors of [12] introduced the concept
of integration in the setting of cone metric spaces and attempted to prove the
existence of fixed point of a map satisfying the Biancari integral type condi-
tion (see [5]). However, in their paper, I.D. Arandelovic and D.J. Keckic [3]
furnished a counterexample of the former theorem, suggesting by the way, an
additional hypothesis in the proof thereof.

Here are some useful definitions and propositions stated in [8], [6] and [9].

Let E be a real Banach space. A subset P C FE is called a cone if:

(i) P is closed, nonempty and P # {0};
(1) a,b€ R,a,b>0and x,y € P = ax+by € P;
(1ii) PN (—P)={0}.

For a given cone P C F, we define a partial ordering < on F with respect
to P by x <y if and only if y — x € P. We will write x < y to indicate z <y
but x # y, while x <« y will stand for y — = € int(P) (interior of P).

A cone P C FE is called normal if there is K > 0 such that for all z,y € F

0 <z <y implies [|z]| < Klly]|.

The least positive number satisfying the above inequality is called the nor-
mal constant of P. The cone is called reqular if every increasing sequence
which is bounded from above is convergent. That is, if {z,} is a sequence
such that z; < xy < ... < y for some y € F, then there is a € F such that
limy o0 ||zn, — || = 0. Equivalently, the cone P is regular if and only if every
decreasing sequence which is bounded from below is convergent. In [15], it was
shown that every regular cone is normal.

Let us assume that P is a cone in E with int(P) # () and < is partial
ordering with respect to P.

Definition 1.1 [8] Let X be a nonempty set. Suppose that d : X x X — P
satisfies the following conditions:
(1) Vx,y€ X,d(z,y) =0if and only if z =y
(17) d(z,y) =d(y,z) for all z,y € X
(1ii) d(z,y) < d(x,z)+d(z,y) for all z,y,z € X
Then d is called a cone metric on X, and (X, d) is called a cone metric space.

Example 1.2 [8] Let £ = R?* P = {(z,y) € £ : z,y > 0}, X = R,
d: X x X — E such that d(z,y) = (] — y|,a|lz — y|) where @ > 0 is a
constant. Then (X, d) is a cone metric space.
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Example 1.3 [13] Let E =17, (1 <p < 00), P = {{zy}n>1 > 0, for all n},
(X.p) a metric space and d : X x X — F defined by d(z,y) = {p(z,vy)/2" }n>1.
Then (X, d) is a cone metric space.

Definition 1.4 [8] Let (X, d) be a cone metric space and {z,,} a sequence
in X.
(i) {x,} is said to be a Cauchy sequence if for every ¢ € F with 0 < ¢, there
exists N > 0 such that for all n,m > N, d(x,, z,,) < c.
(17) {x,} is said to be convergent to x € X, denoted by lim,_oox, = x or
T, — x as n — oo, if for every ¢ € F with 0 < ¢ , there exists N > 0 such
that for all n > N, d(z,,7) < c.
It is shown in [6] that a convergent sequence in a cone metric (X,d) is a
Cauchy sequence. When the converse is true, the cone metric space is said to
be complete.

Proposition 1.5 [8] Let (X, d) be a cone metric space, P a normal cone
and {z,}, {yn} two sequences in X. Then:
(i) {xn} is a Cauchy sequence if and only if d(x,, z,,) — 0 as n,m — oo.
(1) x, — x if and only if d(x,,x) — 0 as n — oc.
(74i) The limit of {z,} is unique.
()  d(xn,y,) — d(x,y) as n — 0.

Definition 1.6 [9] The self mappings f and g of a cone metric space (X, d)
are said to be weakly compatible if they commute at their coincidence points,

that is, if f(p) = g(p) for some p € X, then f(g(p)) = g(f(p)).

The concept of weak compatibility is known to be the most general among all
commutativity concepts in fixed point theory. For review of those notions of
commutativity, see [9].

Definition 1.7 [17] Let P be a cone and let {w,} be a sequence in P. One

says that w, 5 0 if for every € € P with 0 < € there exists N > 0 such that
w, K € foralln > N.

In the sequel, let F': P — P, a non-decreasing mapping satisfying the following
properties:

(Fy) For every w, € P, w, <40 if and only if Fw, = 0;

(Fy) For every wy,ws € P, F(wy +ws2) < F(wy) + F(ws).

2 Generalized weak contractive conditions

We first state the following:
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Proposition 2.1 Let (X,d) be a cone metric space and let A, B,S,T :
X — X be four mappings such that:

F(d(Sx, Ty)> < kF (w (d(Aa:, By),d(Sz, Ax), d(Ty, By),
d(Sx, By),d(Ty, A:z:)))

where 0 < k < % and ) : P° — P satisfies

2a if b<a
(a,a,b,0,c) and Y(a,b,a,c,0) < < 2b if a<b (2.1)
a+b if a—b¢ PU(—P)
forallc<a+b
and
¢(t1,t2,t3,t4, t5) < 2t when for all i € {1, 2,3,4, 5}, t; < t. (22)
Suppose that A and S, B and T are weakly compatible with S(X) C B(X),
T(X) C A(X) and such that one of A(X), B(X),T(X),S(X) is a complete
subspace of X. Then the maps A, B, S, T have a unique common fixed point.

Proof: Let o € X. We construct the following sequence:
To € X

Yon4+1 = Swg, = B$2n+1
Yonto = L Topy1 = AZC2n+2

Let d,, = d(Yn, Yns1)-

F<d2n+1) == F(d(92n+lay2n+2)) = F(d(sx2n7Tx2n+l))
< kF(Y(d(Azan, Broni1), d(Sxan, Axay), d(T2p41, BTont1),
d(5$2m B$2n+1), d(TiCan, Al‘zn)))

< EF(Y(dan, don, dons1, 0, d(Yon, Yani2)))-
(2.3)
d(Yon, Yon+2) < d(Yons Yon+1) + A(Y2nt1, Yont2) = don + dant1, hence,
2dy, it dopy1 < day
2d2n+1 if d2n S d2n+1

w<d2na d2n> d2n+17 O’ d(ana y2n+2)) S dQn + d2n+1 ].f dQn and d2n+1

are not comparable.
(2.4)
If dy, < d2n+1, then from (23) and (24), F(d2n+1> < ]{?F(ngn+1) < 2]€F(d2n+1) <

F(dan41), which is a contradiction.
If dypy1 < day, then from (2.3) and (2.4),

F(dops1) < kF(2day) < 2k F (da). (2.5)



running head

If dy, and ds, 41 are not comparable,

Thus

F(dont1) < kF(dop + dopt1) < k[F(day) + F(dont1)]-

F(dysn) < 1o Fldo) (2.6)

Hence for all n, combining (2.5) and (2.6),

F(d2n)

F(dons1) < maz{2k, %}F(d%) = 2k F(day). (2.7)

F(d(y2n; Yant1)) = F(d(Szan, Tr2n-1)

k?F(@D(d(AZL‘Qn, BZL’Qn_1>, d(SZEQn, ACL’Qn), d(TlL‘Qn+1, BZL’Qn_1>,
d(Sl’Qn, BZL‘Qn_l), d(Tﬁgn_l, A.’L’Qn)))

kF(w(danla d2na d2n717 d<y2n717 y2n+l)7 0))

IA

IN

d(y2n—la y2n+1) S d(an—b an) + d(y2n> y2n+1) = d?n—l + d2na hence,

Y (don—1,don, don—1, d(Yon—1, Yant1),0) <

2d3n—1 if  doy < dopy

2dyy, if  dayy—1 < day

don—1 +doy, if  day—y and dy,
are not comparable.

If dyy—1 < dyy, then F(dg,) < kF(2dy,) < 2kF(dy,) < F(ds,), which is a
contradiction.
If d2n S d2n—17

F(dsn) < kF(2doy,—1) < 2kF(dgp_1).

If ds,_1 and ds,, are not comparable,

Thus,

F(dan) < kF(don—1 + d2n) < k[F(don—1) + F(day)].

k
F(da,) < mF(dM—l)-

Hence for all n,

F(dgn) S max{?k:, %}F(dgn_l) = 2]{?F(d2n_1) (28)

Now, from (2.7) and (2.8) we have for all n > 1, F(d,,) < hF(d,—1) where

h =2k < 1.
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By induction F(d,) < hF(d,_1) < h*F(d,_2) < ... < h"F(dp).
For m > n, we have:

F(d(yrw ym)) F(d<yna yn-l—l) + d(yn—i-la yn+2) + ...+ d(ym—b ym))
F(d,) + F(dps1) + ... + F(dm—1)
(R™ + W™t 4+ A E(dp)

15 F (do)

VA VAN VANRVAN

As n,m — 00, F(d(yn, ym)) — 0 hence by (F3), {y,} is Cauchy.
Suppose that A(X) is complete. As {ya,} C A(X), there exists u € X such
that vy, — Au. Let v = Au. Let us prove that Su = v.

F(d(yan, Su)) F(d(Su,Tx9,-1))

kF (Y (d(Au, Bxo,_1),d(Su, Au),

d<T$2n71)7 B$2n71)7 d(SUa B$2n71)> d<Tx2n71a AU)))
kE(¢(d(Au, yon—1), d(Su, Au),

d(y2n7 y2n—1)7 d(SU, y2n—1)7 d(yQTLJ Au)))

IA

IN

(2.9)
By the triangle inequality,

d(Yon—1,Y2n) < d(Yon—1, Au) + d(Au, ya,),
d(Su, yan—1) < d(Su, Au) + d(Au, ya,_1).

Since all the elements in the argument of ¢ in (2.9) are less than d(ya,—1, Au)+
d(Au, yo,) + d(Su, Au), by (2.2),

@Z)(d(AUa y2n—1)a d(SU, AU), d(y%a an—l)a d(Su7 y2n—1)7 d(y2n7 AU))
< 2d(Yyan—1, Au) + 2d(Au, ya, ) + 2d(Su, Au).

Hence,

kF(w(d(AU, y2n71)7 d(Su7 AU), d(y2n7 y2n71)7 d(S'LL, y2n71)7 d<y2n> Au)))
< kF(2d(yan—1, Au) + 2d(Au, yo,,) + 2d(Su, Au))
< k(2F(d(yan—1, Au)) + 2F (d(Au, y2,,)) + 2F (d(Su, Au)))
< 2kF(d(yan—1, Au)) + 2k F(d(Au, yo,)) + 2k F (d(Su, Au)).
(2.10)
Using the triangle inequality, (2.9) and (2.10), we have

F(d(Au, Su)) < F(d(Au, yan)) + F(d(y2n, Su))
+2kF (d(Au, yon)) + 2k F (d(Su, Au)).

Hence, F(d(Su, Au)) < 32X F(d(Au, yay)) + 22 F(d(yani1, Au)).

1+2k -2k
Since d(Au, yon) — 0 and d(Au, yon_1) —> 0, then F(d(Su, Au)) — 0 and
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so d(Su, Au) —=5 0. Thus d(Su, Au) =0 i.c v = Au = Su.

Since S(X) C B(X), there exists w € X such that Su = Bw.
Next we prove that Bw = Tw.

F(d(Bw,Tw)) F(d(Su,Tw))

kE (¢ (d(Au, Bw),d(Su, Au),
d(Tw, Bw), d(Su, Bw),d(Tw, Au)))
kF(¢(0,0,d(Tw, Bw),0,d(Tw, Bw)))
kF(2d(Tw, Bw)) < 2kF(d(Tw, Bw))

IA

IA

)
Thus, (1 —2k)F(d(Bw,Tw)) < 0. Since 1 —2k > 0, F(d(Bw,Tw)) = 0 which
implies that d(Bw,Tw) = 0 and so v = Bw = Tw.

Since {4, S} and {B, T} are weakly compatible, we have the following:

Au = Su = ASu = SAu = Av = Sv,
Bw=Tw= BTw=TBw = Bv="Tv.

Let us prove that Sv = T.

F(d(Sv,Tv)) kF(¢(d(Av, Bv),d(Sv, Av),d(Tv, Bv),d(Sv, Bv),d(Tv, Av)))
kE(¢(d(Sv,Tv),0,0,d(Sv,Tv),d(Sv,Tv)))

kF(2d(Sv, Tv)) < 2kF(d(Sv,Tv))
Thus (1-2k)F(d(Sv,Tv)) <0, hence, F(d(Sv,Tv)) = 0, and so d(Sv, Tv) = 0
i.e Sv =Tv. We have Av = Sv = Bv = Tv. Now let us prove that v = Swv.

F(d(yons1,Tv))

IA 1A

F(d(Sxapn, Tv)

kF (Y (d(Azay,, Bv),d(Sxepn, Axay,),

d(Tv, Bv),d(Sxza,, Bv),d(Tv, Axs,))) (2.11)
kF(?/J(d(?hn, TU)? d(y2n+la y2n)> 0,

d<y2n+17 TU)? d(TU, y2n)))

Since d(yan, Tv) < d(Yan, Y2n+1) + d(Yant1, Tv), we have from (2.2),

IA

w(d(ana TU)? d(y2n+1> an)a 07 d<y2n+1> TU), d<TUa y2n))

S 2d<y2n> y?n-‘rl) + 2d(y2n+1a TU)
Hence from (2.11),

F(d(yon+1,Tv)) < k(2F(d(Yon, Y2n41)) + 2F(d(Yant1, Tv)))
= 2kF((d(y2n, Yont1)) + 2kF (d(y2nt1, T0)).
which yields F(d(ygpy1,Tv)) < %F(d(mm Yons1))-

Since d(yan, Yon+1) =< 0, then F(d(yan+1,Tv)) <. 0 and d(y2n+1, T0) <.0.
SO Yony1 — T i.e v = Tv from the uniqueness of limit of {y,}.
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So A, B,S,T have a common fixed point. The uniqueness follows from
the contractive condition. The same result holds if we suppose that one of
S(X), T(X), B(X) is complete.

Remark. If S =T, A = B and 9(t1, ta, t3,t4,t5) = to + t3 (respectively
Y(ty, ta, t3, ty, t5) =ty +t5) in Proposition 2.1, we obtain Theorem 2.9 (respec-
tively Theorem 2.12) in [17] and the corollaries ([2]).

Theorem 2.2 Let (X, d) be a cone metric space and let A, B, S, T : X — X
be four mappings such that:

F(d(Sz,Ty)) < kF <¢ (d(Ax, By),d(Sz, Az),d(Ty, By),
d(Sz, By), d(Ty, A@))

where F' in addition is such that for every w € P, F(w) = 2F(§), 0<k<l1
and ¢ : P5 — P satisfies
a if b<a
Y(a,a,b,0,c) and Y(a,b,a,c,0) < ¢ b if a<b (2.12)
“bif a—b¢ PU(-P)
forallc<a+10

and

¢(t1,t2,t3,t47t5) <t when for all i € {1,2,3,4, 5}, t; < t. (213)

Suppose that {A, S} and {B,T} are weakly compatible with S(X) C B(X),
T(X) C A(X) and such that one of A(X), B(X),T(X),S(X) is a complete
subspace of X. Then the self-mappings A, B, S, T have a unique common fixed
point.

Proof: Using the additional property of F', i.e, Vw € P, F(w) = 2F<‘§”>, the

above contractive condition can be written thus:

F(d(Sz,Ty)) < 5F(/'(d(Ax, By),d(Sz, Az),d(Ty, By),
d(Sz, By),d(Ty, Ax)))

where 1)’ = 21 satisfies the hypothesis in Proposition 2.1 and 0 < % < % [ |
Letting F' = Id and 9(ty,ts, t3,t4,t5) € {tl, to, 13, %} (respectively

(ty, ta, t3, by, t5) € {tl, bttty Ladts b in the contractive condition of Theorem

2.2, we obtain the following corollaries:



running head 9

Corollary 2.3 [1] Let A, B, S and T be self mappings of a cone metric
spaceX with cone P having a non-empty interior, satisfying S(X) C B(X),
T(X) C A(X) and

d(Sx, Ty) < hu

where h € (0,1) and

d(Sz, B d(Ty, A
u € {d(Aa:,By>,d<Sx,Ax>,d<Ty, By), 25 y>§ (Ty, w)}
for all z,y € X. If {A,T} and {B, S} are weakly compatible, then A, B, S

and T have a unique common fixed point.

Corollary 2.4 Let A, B, S and T be self mappings of a cone metric spaceX
with cone P having a non-empty interior, satisfying S(X) C B(X), T(X) C
A(X) and

d(Sx, Ty) < hu

where h € (0,1) and

ue {d(Aa;, By), W50 Av) +d(Ty, By) d(Sz, By) +d(Ty. A:U)}

2 ’ 2
forallxz,y € X. If {A, T} and {B, S} are weakly compatible, then A, B, S and

T have a unique common fixed point.

Remark. Corollary 2.3 is Theorem 2.2 in [1]. Also, when (X, d) is a metric
space, the contractive condition in our main result is the same as in Theorem

2.3 in [6].

3 Some general conditions of integral type

We start with some definitions, examples and properties as stated in [12].

Definition 3.1 [12] Suppose that P is a normal cone in E. Let a,b € E
and a < b. We define:

[a,b] :={zx € E:x=1tb+ (1 —t)a, wheret € [0,1]}
la,b) :={z € E:x=1tb+ (1 —1t)a, wheret € [0,1)}

Definition 3.2 [12] The set {a = zq, 21, ..., x, = b} is called a partition for
[a, b] if and only if the sets [x;_1,x;], 1 < i < n, are pairwise disjoint and

la,b] = {U[%-hxi)} U {b}

=1
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Definition 3.3 [12] Suppose that P is a normal cone in E, ¢ : [a,b] — P
a map. ¢ is said to be integrable on |a,b] with respect to cone P (or cone
integrable function) iff for all partition @ of [a, b]

limn%oo[/gon(qx Q) = SCon = lzmn%ooUg(m(gba Q)

where S¢°" must be unique and:

{ LG =S ()| — g (Cone lower summation)

Ucor = S (i) ||z — iga|| (Cone upper summation).
We note
b b
Soon — / o(x)dp(z) = / bdp
The set of all cone integrable functions ¢ : [a,b] — P is denoted L'([a, b], P).

Definition 3.4 [12] The function ¢ : P — E is called subadditive cone
integrable function iff Va,b € P

/Oa+b<z>dp < /Oa¢dp+/ob¢dp

Example 3.5 [12] Let £ = X = R, d(z,y) = |z —y|, P = [0,400) and

o(t) = t%l Vvt > 0. Then ¢ is a subbaditive cone integral function.

We are now in position to state the following proposition

Proposition 3.6 Let (X, d) be a cone metric space and let and P a normal
cone. Let ¢ : P — P be a nonvanishing map and a subbaditive cone integrable
on each [a,b]. Let A,B,S,T : X — X be four mappings such that:

L (3.1)

d(Sz,Ty) M(z,y)
/ o(t)dp(t) < k:/ o(t)dp(t), k€0, 5
0 0

where
M(z,y) = w(d(Ax, By),d(Sz, Az),d(Ty, By),d(Sz, By),d(Ty,Ax)), (3.2)

and ¢ : P5 — P is a mapping satisfying (2.1) and (2.2) in Proposition 2.1.
Suppose also that the function of y — foy odp is invertible and that the in-
verse is continuous in 0. If {A,S} and {B,T} are pairs of weakly com-
patible mappings with S(X) C B(X), T(X) C A(X) and such that one of
A(X),B(X),T(X),S(X) is a complete subspace of X, then the self-mappings
A, B, S, T have a unique common fized point.
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Proof. Proposition 3.6 is a corollary of Proposition 2.1 when F(y) = foy odp.
Under this case, F' satisfies conditions (F}) and (F3). (F3) results from the
subbaditivity of ¢. The condition (F}) results from the continuity of F' and
its inverse in 0. In fact, in a normal cone, if w, N w, then w, converges to
w. Now, since F' is continuous in 0, for every sequence w, converging to 0,
F(w,) converges to F(0) = 0. Since F~! is continuous, given any sequence
F(wy) converging to 0, F~'(F(w,)) = w, converges to F~1(0) = 0; thus (F})
is satisfied.

Theorem 3.7 Let (X,d) be a cone metric space and let and P a normal
cone. Let ¢ : P — P be a nonvanishing map, a subbaditive cone integrable on
each [a,b] and such that foa odp = 2f0% odp. Let A,B,S, T : X — X be four
mappings such that:

d(Sz,Ty) M(z,y)
/0 o()dp(t) < k / o(H)dp(t), k€ [0,1) (3.3)

where
M(z,y) = gD(d(A:E, By),d(Sz, Az),d(Ty, By),d(Sz, By),d(Ty,A:c)), (3.4)

and 1) : P> — P is a mapping satisfying (2.12) and (2.13) in Theorem 2.2.
Suppose also that the function of y — foy odp is invertible and that F and
F~Y are continuous in 0. If {A,S} and {B,T} are pairs of weakly com-
patible mappings with S(X) C B(X), T(X) C A(X) and such that one of
A(X),B(X),T(X),S(X) is a complete subspace of X, then the self-mappings
A, B, S, T have a unique common fized point.

Proof. Theorem 3.7 is a corollary of Theorem 2.2 when F(y) = foy odp.

Remark. Theorem 3.7 is the cone version of Theorem 2.4 in [6], extending
thus to cone metric spaces many other known results in metric spaces. It also
furnishes the additional hypothesis to those in Theorem 2.9 of [12] which would
make it valid, as suggested in [3].

The following corollary is a result of existence of the fixed point of a single
map

Corollary 3.8 Let (X,d) be a complete cone metric space and let and P
a normal cone. Let ¢ : P — P be a nonvanishing map, a subbaditive cone
integrable on each [a,b] and such that [ ¢pdp = QIO% ¢pdp. Let S : X — X be
a mapping such that:

d(Sz,Sy) M(z,y)
/0 6(t)dp(t) < /0 o(B)dp(t), ke [0,1) (3.5)
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where
Mz, y) = w(d@:, y), d(Sz, 2), d(Sy, ), d(Sz,y), d(Sy. x>), (3.6)

and ¢ : P° — P is a mapping satisfying (2.12) and (2.13) in Theorem 2.2.
Suppose also that the function of y — foy odp is invertible and that the in-
verse is continuous in 0. Then S has a unique common fixed point.

Proof: Take A= B = Idp and S = T in Theorem 3.7.
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