ResearchGate

See discussions, stats, and author profiles for this publication at: https://www.researchgate.net/publication/286625259

An Approach to the approximation of common coupled fixed points of
contractive maps in metric-type spaces

Article - January 2015

CITATION READS
1 22
1 author:

Johnson Olaleru
University of Lagos
71 PUBLICATIONS 277 CITATIONS

SEE PROFILE

Some of the authors of this publication are also working on these related projects:

ot Coupled best proximity points View project

All content following this page was uploaded by Johnson Olaleru on 12 December 2015.

The user has requested enhancement of the downloaded file.


https://www.researchgate.net/publication/286625259_An_Approach_to_the_approximation_of_common_coupled_fixed_points_of_contractive_maps_in_metric-type_spaces?enrichId=rgreq-99f4e1a16845e328ee33ca99bb6ac2f0-XXX&enrichSource=Y292ZXJQYWdlOzI4NjYyNTI1OTtBUzozMDU5NDIwMTEyODU1MDRAMTQ0OTk1MzY2NzY5MA%3D%3D&el=1_x_2&_esc=publicationCoverPdf
https://www.researchgate.net/publication/286625259_An_Approach_to_the_approximation_of_common_coupled_fixed_points_of_contractive_maps_in_metric-type_spaces?enrichId=rgreq-99f4e1a16845e328ee33ca99bb6ac2f0-XXX&enrichSource=Y292ZXJQYWdlOzI4NjYyNTI1OTtBUzozMDU5NDIwMTEyODU1MDRAMTQ0OTk1MzY2NzY5MA%3D%3D&el=1_x_3&_esc=publicationCoverPdf
https://www.researchgate.net/project/Coupled-best-proximity-points?enrichId=rgreq-99f4e1a16845e328ee33ca99bb6ac2f0-XXX&enrichSource=Y292ZXJQYWdlOzI4NjYyNTI1OTtBUzozMDU5NDIwMTEyODU1MDRAMTQ0OTk1MzY2NzY5MA%3D%3D&el=1_x_9&_esc=publicationCoverPdf
https://www.researchgate.net/?enrichId=rgreq-99f4e1a16845e328ee33ca99bb6ac2f0-XXX&enrichSource=Y292ZXJQYWdlOzI4NjYyNTI1OTtBUzozMDU5NDIwMTEyODU1MDRAMTQ0OTk1MzY2NzY5MA%3D%3D&el=1_x_1&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Johnson_Olaleru?enrichId=rgreq-99f4e1a16845e328ee33ca99bb6ac2f0-XXX&enrichSource=Y292ZXJQYWdlOzI4NjYyNTI1OTtBUzozMDU5NDIwMTEyODU1MDRAMTQ0OTk1MzY2NzY5MA%3D%3D&el=1_x_4&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Johnson_Olaleru?enrichId=rgreq-99f4e1a16845e328ee33ca99bb6ac2f0-XXX&enrichSource=Y292ZXJQYWdlOzI4NjYyNTI1OTtBUzozMDU5NDIwMTEyODU1MDRAMTQ0OTk1MzY2NzY5MA%3D%3D&el=1_x_5&_esc=publicationCoverPdf
https://www.researchgate.net/institution/University_of_Lagos?enrichId=rgreq-99f4e1a16845e328ee33ca99bb6ac2f0-XXX&enrichSource=Y292ZXJQYWdlOzI4NjYyNTI1OTtBUzozMDU5NDIwMTEyODU1MDRAMTQ0OTk1MzY2NzY5MA%3D%3D&el=1_x_6&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Johnson_Olaleru?enrichId=rgreq-99f4e1a16845e328ee33ca99bb6ac2f0-XXX&enrichSource=Y292ZXJQYWdlOzI4NjYyNTI1OTtBUzozMDU5NDIwMTEyODU1MDRAMTQ0OTk1MzY2NzY5MA%3D%3D&el=1_x_7&_esc=publicationCoverPdf
https://www.researchgate.net/profile/Johnson_Olaleru?enrichId=rgreq-99f4e1a16845e328ee33ca99bb6ac2f0-XXX&enrichSource=Y292ZXJQYWdlOzI4NjYyNTI1OTtBUzozMDU5NDIwMTEyODU1MDRAMTQ0OTk1MzY2NzY5MA%3D%3D&el=1_x_10&_esc=publicationCoverPdf

Available online at http://scik.org
Adv. Fixed Point Theory, 5 (2015), No. 1, 13-31
ISSN: 1927-6303

AN APPROACH TO THE APPROXIMATION OF COMMON COUPLED FIXED
POINTS OF CONTRACTIVE MAPS IN METRIC-TYPE SPACES

HALLOWED OLAOLUWA*, JOHNSON O. OLALERU

Department of Mathematics, University of Lagos, Akoka, Lagos, Nigeria

Copyright © 2015 Olaoliuwa and Olaleru. This is an open access article distributed under the Creative Commons Attribution License,

which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.
Abstract. In this research work, some results on the existence and approximation of common coupled fixed points
of contractive maps in cone metric spaces are unified and generalized based on a new method.

Keywords: common coupled fixed point; w*-compatible; cone metric space.

2010 AMS Subject Classification: 47H10, 54H25.

1. Introduction

Ever since the re-introduction of cone metric spaces by Huang and Zhang [1], Banach-valued
metric spaces have been extensively used in the study of the existence and convergence of
fixed points of different contractive-like mappings. From the contraction condition to more
general conditions of two, three and four maps with the weak compatibility, researchers have
established various fixed point theorems on contractive mappings in normal cones (e.g. [2-6])

and non necessarily normal cones (e.g. [7-12]). The following two classes of self-maps, studied

*Corresponding author
E-mail addresses: olu20_05@hotmail.com (H. Olaoliuwa), olalerul @yahoo.co.ukl (J.O. Olaleru)
Received July 2, 2014

13



14 HALLOWED OLAOLIUWA, JONHSON O. OLALERU

by Abbas et al. [13], generalize the contractive conditions in [2-11] :

(1) d(fx,gy) < pd(Sx,Ty) +qd(fx,Sx) +rd(gy,Ty) +t[d(fx,Ty) +d(gy,Sx)],

where (0 < p+g+r+2t <1)and

d(fx,Ty)+d(gy,S
(2)  d(fx,gy) < kuyy, ux7y€{a’(Sx,Ty),d(fx,sx),d(gy’Ty)’ (fx, )’);‘ (g, x)}7

where 0 < k < 1. One observes that both classes are unified and generalized in the following
mappings of Ciric-type,

3)

d(fx,8y) < px,y)d(Sx,Ty) +q(x,y)d (fx, Sx) +r(x,y)d (gy, Ty) +1(x,y)[d (fx,Ty) + d(gy, Sx)]

where p,q,r,t: X x X — [0, 1) satisfy 0 < sup{p(x,y) +q(x,y) +r(x,y) +1(x,y)} =24 < 1. The
case of one map (f = g and S =T = Id) was introduced and studied by Ciric [14] in the usual
metric space context.

Following the results on coupled fixed points in partially ordered metric spaces by Bhashkar
and Lakshmikantham [15] and Lakshmikantham and Ciric [16], Sabetghadam ez al. [17] and
Abbas et al. [18] extended some special cases (cases of one and two maps) of the conditions
(1.1) and (1.2) to the study of coupled fixed points in cone metric spaces by considering the

following inequalities on maps F : X x X — X and g: X — X:
@ d(F(x,y),F(u,v)) < aid(gx,gu) +ard(F (x,y), x) + azd(gy, gv) + asd (F (u,v),gu)
+aed(F (x,y),gu) + ag(F (u,v),gx),
where Y0, a; < 1 and
d(F(x,y),F(u,v)) < kU +mV,

U,V € Sy = {d(gx,gu),d(gy,gv),d(F (x,y),gx),d(F (x,y), gu),d(f (u,v),gu)},

where k+m < 1. The similarity between fixed points and coupled fixed points suggests that

&)

some coupled fixed points results are obtainable from existing fixed point results.

Recently, Samet et al. [21] noticed that a coupled fixed point of amap F : X x X — X is exact-
ly the fixed point of the associate map F(x,y) = (F(x,y), F(y,x)) while Olaleru and Olaoluwa
[19] observed that a common coupled fixed point of two maps F : X x X - X and g: X — X

is a common fixed point of /' and g defined by g(x,y) := (gx, gy). Their methodology stands
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when a transfer of the topological structure of X to X x X is possible by inducing a metric on
X x X, mostly D((x,y), (u,v)) = d(x,u) +d(y,v) and D((x,y), (u,v)) = max{d(x,u),d(y,v)},
and when the coupled fixed point inequality in X, say d(F (x,y),F (u,v)) < F4(F, g,x,y,u,v),
can be transformed to a known fixed point inequality in X x X, say D(F(x,y),F (u,v)) <
Z'p(F, g, (x,y), (u,v)). This methodology works with some coupled fixed point inequalities
such as (1.4). However, it does not work for inequalities of the type (1.5) since they cannot be
transformed to the product space X x X.

In this work, we provide a novel technique of tackling coupled fixed point inequalities of type
(1.5), which also works for inequalities of type (1.4), without the use of the classical concept
of Cauchy sequences. It should be noted that this novel technique deals with the problems of
existence and approximation. For this purpose, we study the fixed points of Ciric mappings
(1.3) which is a simple way of unifying and generalizing inequalities of type (1.1) and (1.2).

First, let us recall the following basic definitions.

Definition 1.1. [1] Let E be a real Banach space. A subset P of E is called a cone if and only
if:

(a) P is closed, non-empty and P # {0};

(b)a,b € R,a,b > 0,x,y € Pimply that ax+ by € P;

(c) PN (—P) ={0}.

Given a cone P, define a partial ordering < with respectto Pby x <yifandonlyify—x € P.
We shall write x < y for y — x € int P, where int P stands for interior of P. Also we will use x <y
to indicate that x < y and x # y.

The cone P in a normed space E is called normal whenever there is a real number k£ > 0, such
that for all x,y € E,0 <x <y implies ||x|| < k||y||. The least positive number satisfying this
norm inequality is called the normal constant of P.

Definition 1.2. [1] Let X be a non-empty set and let E be a real Banach space equipped with
the partial ordering < with respect to the cone P C E. Suppose that the mappingd : X xX — E
satisfies:

(dy) 0 <d(x,y) forall x,y € X and d(x,y) = 0 if and ony if x = y;

(dy) d(x,y) =d(y,x) for all x,y € X;



16 HALLOWED OLAOLIUWA, JONHSON O. OLALERU

(d3) d(x,y) <d(x,z) +d(z,y) forall x,y,z € X.

Then d is called a cone metric on X and (X,d) is called a cone metric space.

Definition 1.3. [1] Let (X,d) be a cone metric space, {x,} a sequence in X and x € X. We say
that {x,} is

(c1) a Cauchy sequence if for every ¢ € E with 0 < ¢, there is some k € N such that, for all
n,m >k, d(xp,xm) < c;

(c2) a convergent sequence if for every ¢ € E with 0 < ¢, there is some k € N such that, for all

n >k, d(x,,x) < c. Such x is called limit of the sequence {x,}.

Note that every convergent sequence in a cone metric space X is a Cauchy sequence. A cone

metric space X is said to be complete if every Cauchy sequence in X is convergent.

Definition 1.4. [22] Let P be a cone and let {®,} be a sequence in P. One says that m, <0

if for every € € P with 0 < € there exists N > 0 such that @, < € foralln > N.
Note that a sequence {x,} converges to x if and only if d(x,,x) —3 0.

Definition 1.5. [15] An element (x,y) € X x X is called a coupled fixed point of mapping
F:XxX —=Xifx=F(x,y) andy = F(y,x).

Definition 1.6. [18] An element (x,y) € X x X is called:

(g1) a coupled coincidence point of mappings F : X x X — X and g: X — X if g(x) = F(x,y)
and g(y) = F(y,x), and (gx, gy) is called coupled point of coincidence;

(g2) a common coupled fixed point of mappings F: X xX — X and g: X — X if x = g(x) =
F(x,y) and y = g(y) = F(y,x).

Definition 1.7. ([18], [23]). The mappings F : X x X — X and g : X — X are called:

(w1) w-compatible if g(F(x,y)) = F(gx,gy) whenever g(x) = F(x,y) and g(y) = F (y,x);

(wp) w*-compatible if g(F(x,x)) = F(gx, gx) whenever g(x) = F (x,x).

The w*-compatibility condition is less restrictive than the w-compatibility condition.

We prove the following lemma, crucial in the establishing of some of the results in this paper.

Lemma 1.8. Let X be a cone metric space with respect to a cone P in a Banach space E, with

int(P) # 0. Let {un}, {vn}, {wn}, {zn} be sequences in P and {a,}, {b,}, {cn}, {d,}, {en},
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{fu}, {a,}, {D,}, {cl,}, {d)}, {en}, {f} be real positive sequences satisfying for all n € N,

Upi1 < dply + buvy + oWy +dnzy
Va1 < dyity + by + chowy +d)zn

Wy < eaWy—1 + fuin—1

/ /
Zi’l S enwnfl +fnzn717

where ay+by+cy+dy, <A, a,+b,+c,+d, <A, en+ <A, e, +f, <A withd <1.

Then u, s 0and Vi <0.

Proof.
Un+1
(6)
where
al +bl +cl+d!

IN

aplan—1un—1+bp1vp-1+cp1wp—1 +dn12n-1]
+bulay,_jun—1+b)_va1+cy w1 +dy_2n1]
+enlenwn—1 + fazn—1] +dnle,wn—1 + fhzn—1]
[ann—1 4 bnd), | Jtn—1~+ [anbp—1 4 bpb!,_|Iva—1
+Hancn—1+ bncl,_| + cnen +dpelwn_1

Handn—1 +bnd)_| +cnfn+dnfplzn-1

1 1 1 1
Apln—1 +bpvn_1+cywn_1 +dyzn—1,

1 /
a, = apay—1 +bya, |,

) by = apby_1 +byb! |,

€} = anCn—1 +buc,_| +cnen +dnel,

d,% =aud,—1 +bnd;l,1 +cufn +dnfr/w

an[an—l +bp—1+cn-1 +dn—l] +bn[a;1_1 +b:z—1 +C;1_1 + ,/1_1]7
+cnlen+ fu] +dnlen + £
Alan + by +cn+ dy] < A?

17



18 HALLOWED OLAOLIUWA, JONHSON O. OLALERU

and

Uns1 < ap[an—otn—2+by_2Vu_2+Ca2Wn_2+dn_22n-2),
Fbyla), gttn-2+b, yvn-2+€ w2 +d) y20 2,
+cten—1Wn—2 + fa—1zn—2] +di[e_wu2+f_ 702,
(7 = lalan—2+bld, luy—2+[alby_o+bib. v, 2,
Hanen—2+bycl,_y+cpen1+dyel,_iwaa,
Hapdn—2 +bydy o+ cpfur +dy ]2,

_ 2 2 2 2
- anul’l—z + ann—Z + Can—Z + dnzn—27

where
.

2 _ 1 1./
a, = apap—2+ bnan727

by = ayby 2+ byb,

n“n—2

2 1 1./ 1 1,/
Cp = AyCp—2+ bncan +cpen—1+d, €h—1>

| &2 =ald, 2 +b)d,_,+chfo1t+dif) .

ai+bi+ci4+dl = af[ay-o+bao+ceno+dy o] +bid, 4+, ,+c, ,+d, ),
+eplen1+ fu1l+dile,_ + fii],
< Alal +bl4-cl+al] <23

Repeating the process, we have
Uns1 < dhug + biivo + ciwo +dli 2o,

where

n_ . n—1 =14
a, =a, ap+o, "a,,
bt =a' by + b 1),
A=a oo+ b e+ ley +dr e,

| di=ay o+ by N+ fi i A

Al b+ +dt = a'Hag+bo+ co+do] + b Hap + by + cy +dp],
+c e+ fi] +d ey + £],
< Aai e e ) < At
Thus u, 1 < (ug +vo+wo +20)A" 1. Given 0 < ¢, choose T > 0 such that c+{y € P:y <

7} C P. Since A" — 0, there is N € N such that A" (ug +vo+wo +20) € {y €P:y < 7}
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for all n > N. It follows that A"} (o +vo+wo+20) < ¢ for all n > N. Thus, for all n > N,

Up+1 < ¢ and so uy, <. Similarly, v, <0.

As explained earlier, the Ciric classes of mappings are one of the widest generalizations of
contraction mappings in literature. In this section, we prove the existence of common fixed
points for four maps useful in the proof of our result on coupled fixed points even though it is
of independent interest in that it generalizes most common fixed point theorems in cone metric

spaces.
Theorem 1.9. Let f,g,S and T be self-mappings of a cone metric space X with cone P having

non-empty interior, satisfying f(X) C T(X), g(X) C S(X) and

d(fx,gy) < p(x,y)d(Sx,Ty)+q(x,y)d(fx,Sx) +r(x,y)d(gy,Ty)
+1(x,y)[d(fx,Ty) +d(gy,Sx)]

®)

forall x,y € X, where p,q,r,t : X x X — [0,1) satisfy

) Sug({p(x,y) +q(x,y) +r(x,y) +2t(x,y)} =A < 1.
x,y€

If one of f(X), g(X), S(X) or T(X) is a complete subspace of X, then {f,S} and {g,T} have
a unique point of coincidence in X. Moreover if { f,S} and {g,T} are weakly compatible, then

f,8,S and T have a unique common fixed point.

Proof. Given that f(X) C T(X) and g(X) C S(X), one can define sequences {x, } and {y, } such

that yp, 1 := fxp—2 = Txp,—1 and yp, 1= gx2,—1 = Sx24.

d(yan,yonr1) = d(fxon,8%m—1)

IN

P(X2n;X20—1)d (Sx20, Tx2n—1) + q(X2n, X2n—1)d(fX2n, SX20)
+r(x2n, X2n—1)d(8X2n—1, TX2n—1) +1(X2n,X2n—1)[d (fX20, TX20—1)
+d(gx2n—1,5%2n)]

< p(x2n;X2n-1)d(Yan—1,Y20) +q(X2n, X20-1)d(Y2n+1,Y20)

+r(x2n, X20-1)d (y2n, Y2n—1) +1(X20,%20-1)d (Y2n+1,Y2n-1)

IA

[P (220, X2n—1) + r(X2n, X2n—1) + 1 (%20, %20—1)]d (Y2n—1,¥2n)

+[q<x2n7x2n—l) +t(x2n;x2n—1 )]d(yZmyZn-H )
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Hence d(yan,yan 1) < 8(xan¥2n-1)d(020-1,20), where 8(x,y) = P42, Note tha

A < 1. From p(x,y) +Aq(x,y) +r(x,y) + At(x,y) +1(x,y) < A, we have 6(x,y) < A. Hence

(10) d(yon,ynt+1) < Ad(yan—1,y2m)-

d(Yont1,Y2n+2) = d(fXxon,8%2n+1)

IN

P (%20, %2041)d(Sx20, Txon+1) + q(xX2n; X2n+1)d (fX20, Sx20)

+7 (%20, X20+1)d (82041, TX2n11) + 1 (Xan X2n+1)[d (fx20, T X2n+1)
+d(gxan+1,8%2n)]

< [p(xan, X2n41) +q(xans X2n+1) + 1 (xX20, X204 1)

+1 (020, X2n+1)|d (Y2nt-1,Y2n+2) + (020, X2n+1)d (Y2n, Yan+1)

ie. d(yani1,Y2n12) < 0" (X2n,%2041)d(Y2n, Y2n+1), Where &'(x,y) = 17p(x7y)—q(;(§’))2r(x,y)ft(x,y)'

Note that 4 < 1. From A [p(x,y) +q(x,y) +r(x,y) +#(x,y)] +#(x,y) < A, we have §'(x,y) < A.

It follows that

(11) d(yon+1,Y2n+2) < Ad(Yan, Yant1)-

From (10) and (11), we have d(y,,Vn+1) < Ad(yn—1,yn) for all n > 1. Repeating this argu-
ment n-times, we have d(y,,y,+1) < A"d(yo,y1). For any n,m € N with m > n, it follows that
d(yn,ym) < X0t dinyin1) < LI Ad(yo,1) = Ad(yo, 1) X1y A < £5d(yo, 1) Giv-
en 0 < ¢, choose T > 0 such that c+{y € P:y < 7} C P. Since ll — 0, there is N € N such
that d(yo,yl) e{yeP:y<rt}foralln>N. It follows that d(yo,yl) < cforalln> N.
Thus, for all m > n > N, d(yn,ym) < ¢ and {y,} is Cauchy. Suppose that S(X) is complete.

Then there exists u € S(X), say u = Sv, such that Sx,, = y», — u as n — co. In fact, y, — u as
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n — oo, Let us prove that fv = u.

IN

d(fv,u) d(fv,gxan—1) +d(gxon—1,u)
PV, x2,—1)d (Sv, Txpp—1) + q(v,x2,—1)d(fv,Sv)
+r(v,x20—1)d(8x2n—1, Tx2n—1) + (v, X2n—1)[d (fv, Tx2n—1) + d(gx2n—1,5V)]
+d(gxon—1,u)
< pxan—1)d(u,y2n-1) +q(v,x20-1)d(fv,u)
+r(v,x2n-1)d (yan, Yon—1) + (v, x20-1)[d (fv, 1) +d(u,y20-1) +d(y2n, 1))
+d(yan, 1),

IN

d(fvyu) < [p(xon—1)+t(v,x00—1)]d(t,y20—1) + [g(v,x2n—1) +1(v,x00—1)]d (fV, 1)
+r(v,x2n-1)d (yan, yon—1) + [1 +1(v,x20-1)]d (y2n, )

[p(v,x2n—1) + 1 (v, x20-1)d (4, y2n—1) + Ad (fv, ) + r(v,x20-1)d (Y20, y2n—1)
+[1 4+t (v, x00-1)]d (you,u),

IN

which, on taking n — o, yields d(fv,u) < Ad(fv,u). Since A < 1, we have that d(fv,u) =0,

i.e. fu=v. Since u € f(X) C T(X), there exists w € X such that Tw = u. Now we shall show

that gw = u.
d(gw,u) < d(fxa,gw)+d(fxo,u)

< p(xan, w)d(Sxon, Tw) + q(x20, w)d (fX2n,Sx2n) + 1r(x20, w)d (gw, TW)
-+t (xon, w)d(fx20, Tw) + d (8w, y2)] +d(f X2, u)

< ploon, w)d(yan, u) +q(xon, w)d (yan+1,Y20) + (%20, w)d (gw, Tw)
+1(x2n, WA (V2n41, Tw) + d(gw, Tw) +d(Tw, y2n)] +d (y2n+1, )

< p(xan,w)d(yan, u) +q(x2n, w)d (yan+1,Y2n) + [r(x2n, W) + 1 (x20, w]d (gw, Tw)
+1 (20, W) [d (yant1,u) +d(u,y20)] +d (yang1,u)

<

(x2na ) (y2n7u)+Q(x2n7w)d(y2n+l7y2n)+Ad(ngu>
+t(-x2n7 )[ (y2n+17u)+d(u7y2n)]+d(y2n+17u)7

which, on taking n — oo, yields d(gw,u) < Ad(gw,u), i.e., gw = u. If the pairs { f,S} and {g, T}
are weakly compatible, then fu = fSv=Sfv=Su=w; (say)andgu=gTw=Tgw=Tu=w;
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(say).

dwi,w2) =d(fu,gu) < p(u,u)d(Su,Tu)+q(u,u)d(fu,Su)
+r(u,u)d(gu,Tu)
+t(u,u)|d(fu,Tu)+d(gu,Su)]
= [p(u,u) +21(u,u)]d(wi,w2) < Ad(wi,w2),

which implies that w; = wy. Therefore fu = gu = Su = Tu. Next, we show that u = gu.
d(u,gu) =d(fv,gu) < p(v,u)d(Sv,Tu)+q(v,u)d(fv,Sv)+r(v,u)d(gu,Tu)

+t(vyu)[d(fv,Tu)+d(gu,Sv)]
= [pvyu)+2t(v,u)|d(gu,u) < Ad(gu,u)

and gu = u. Thus u is a common fixed point of f, g, S and 7. The uniqueness of the common

fixed point is an immediate consequence of the generalized contractive condition.

If the functions p, g, r,t in the previous theorem are constants, we have the first main result in
[13]. The second main result in [13], which is a generalization of many results in literature, is

retrieved as follows:

Corollary 1.10. [13] Let f,g,S and T be self-maps of a cone metric space X with cone P
having non-empty interior, satisfying f(X) C T(X), g(X) C S(X) and

(12) d(fx,gy) < huyy(f,g,5,T),

where h € (0,1) and

(13) ey (f,8,8,T) € {d(Sx, Ty), d( fx,Sx),d(gy, T), d(fx,Ty)+d(gy,Sx) }

2

forall x,y € X. If one of f(X),g(X),S(X) or T(X) is a complete subspace of X, then {f,S}
and {g,T} have a unique common fixed point of coincidence. Moreover, if {f,S} and {g,T}

are weakly compatible, then f,g,S and T have a unique common fixed point.

Proof. If

ury(f,8,8,T) € {d(Sx, Ty),d(fx,Sx),d(gy, Ty), d(fx,Ty) +d(gy,Sx) }

2
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then

huxy(f,8,S,T) = p(x,y)d(Sx,Ty) +q(x,y)d(fx,SX)+r(x,y)d(gy, Ty)
+2t(x,y)[d(fx, Ty) +d(gy, Sx)]

where p,q,r: X x X — {0,h} and ¢ : X x X — {0,2} are chosen such that for each (x,y) €
X x X, one and only one of p(x,y),q(x,y),r(x,y),t(x,y) is non null. With such choice, p(x,y) +
q(x,y) +r(x,y)+2t(x,y) = h < 1. It follows that f,g,S and T satisfy the contractive condition

of Theorem 2.1. Hence, they have a unique common fixed point.

Example 1.11. Let E = C!([0,1],R), P={@ € E: ¢(t) > 0, € [0,1]}, X = [0,0) and d :
X x X — E be defined by d(x,y) = |x—y|¢. The space X together with d is a non-normal cone

%, x€0,1
metric space. The self maps of f,g,5,7 : X — X defined by fx = 3 0.1] , gx =0,
T X € (1,0)
3x, x € [0,1] . . . |
Sx = and Tx = x satisfy the conditions of Theorem 1.9. with g(x,y) = g and
2x, x € (1,00)

p(x,y) =r(x,y) =t(x,y) = 0. The four maps have 0 as common fixed point.
2. Coupled fixed points in cone metric spaces

In this section, we study the existence and approximation of coupled fixed points of four maps
of Ciric-type in cone metric spaces. The method used is unique and differs from the existing

ones in literature.

Theorem 2.1. Let (X ,d) be a cone metric space, f: X xX — X, g: X xX —X,S:X = X and
T : X — X be four mappings such that f(X x X) C T(X), g(X x X) C S(X) and

d(f(x7y)7g(u7v)) < p](x,y,mv)d(Sx,Tu)—|—p2(x,y,u,v)d(Sy, TV)
(14) +q(x,y,u,v)d(f(x,y),8x) +r(x,y,u,v)d(g(u,v),Tu)
+2(x, Y, u,v)[d(f(x,), Tu) +d(g(u,v),Sx)]

for all x,y,u,v € X, where p1,p,q,r,t (X4 [0,1) and

Sup(x,y7u7v)€X[(pl +p2+q+r+2t)(x,y,u,v)] =A<l
(1) If one of f(X x X), g(X xX), S(X) or T(X) is a complete subspace of X, then {f,S} and
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{g,T} have a unique coupled coincidence point in X. Moreover, if {f,S} and {g,T} are w*-
compatible, then f, g, S and T have a unique coupled common fixed point (x*,x*) € X x X.

(2) For every (xo,y0) € X X X, there exist a pair of sequences {(u,,v,)} not necessarily lying

on the main diagonal, such that {u,} and {v,} converge each to x* € X.

Proof. (1) Existence: Let x =y and u = v be in the contractive condition. From Theorem 1.9,
the functions x — f(x,x), x — g(x,x), x — Sx and x — Tx have a unique common fixed point
u* € X. The element (u*,u*) € X x X is a common coupled fixed fixed point of f, g, Sand T
since u = f(u,u) = g(u,u) = Su = Tu. It is the unique common coupled fixed point of f, g, S
and T that lies on the main diagonal {(x,x), x € X }.

Uniqueness: Let (x,y) be a common coupled fixed point of f, g, S and T. We have

x=8x=Tx= f(x,y) = g(x,y)
y=8y=Ty=f(y,x) = g(yx).

From the contractive condition,

d(f(x,y),g(y,x)) < pl(x,y,y,x)d(Sx,Ty)+p2(x,y,u,v)d(Sy,Tx)
+q(x,3,y,X)d(f(x,),8y) + r(x,,y,x)d(8(y, %), Ty)
+1(x,y,y,x)[d(f (x,), Ty) +d(g(y,x),Sx)],

ie. d(x,y) < [p1(x,y,y,x) 4+ pa(x,y,y,x) +2t(x,y,y,x)]d (x,y) < Ad(x,y). Since A < 1,d(x,y) =
0, i.e. x =y. This shows that every common coupled fixed point of f, g, S and T belongs to the
main diagonal and so, the common coupled fixed point of f.g,S and T is unique.

(2) Convergence: Let (x*,x*) be the unique common coupled fixed point of f,g,S and 7.
When no confusion is possible, we will simply denote it (x,x). For any (xo,y0) € X X X, the
conditions f(X x X) C T(X) and g(X x X) C S(X) guarantee the existence of sequences {x, },

{¥n}, {un} and {v,} such that

(

fx2n—2,y2n—2) = Txpp—1 := uy—1,

(15)

8\ X2n—1,Y2n—1 Sxon 1= Uop,

( )=

f(yan—2:%20-2) = Ty2p—1 1= Vou_1,
)=
)=

(
g(Van—1,%2m—1) = Syan := van.
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From the contractive condition, we have

d(f(xon—2,Y20-1),8(x,x)) < p1(aw)d(Sx2n—2,Tx) + p2(0)d(Sy2n—2,Tx)
+q(0)d(f (X2n—2,Y2n-2),SXon—2) + r(Q)d (g(x,x), Sx)
+t(an)[d(f(x2n—27y2n—2)v TX) +d(g(x,x),Sx2n_2)],

where o, = (x2n—27y2n—27x7x)’

d(uzp—1,x) < [p1(c) +1(06)]d(urn—2,%) 4+ p2(0)d(van—2,x)
+q(04)d (uap—1,u20—2) +1 (0 )d(U20—1,X)

(16)

d(uzy—1,x) < (Tj—t—md(uzn—zw) + %d(VZn—Z,x) + %d(MZn—h”Zn—Z)
and
(17) (Pl +t)(an) pZ(an) Q(an) <A

L—t(o) — 1—1(0) 1—1(06) ~

d(f(x,x),8(x2n-1,520-1)) < p1(Bn)d(Sx,Tx2n-1) + p2(Bn)d(Sx,Ty2n-1)
+q(Bn)d(f(x,x),8%) +r(Bn)d(g(x2n—1,Y2n—1), TX20—1)
+t(Bu)[d(f (x,x), Tx2u—1) +d(8(X2n—1,Y20-1),5%)],

Where ﬁn - (xyananly)’anl),

(18) d(ugn,x) < Md(uzn,hx) + Md(\/zn,hx) + Md(@n,l,uh)

1—1(B,) 1—1(By) 1—1(By)

and

(p1+1)(Ba) . p2(Bn) q(Bn)
LB T Tt(By) TR =

Hence, from (16)-(19), Vn € N, da,, b,,,c, > 0, such that

(19)

(20) d(unax) < and(un—l ;x) + bnd(Vn—l 7x) + Cnd(un—l ) un)
with a, + b, + ¢, < A < 1. Similarly Vn € N, 3d/,,b/,,c/, > 0, such that

n-n’-n —

1) d(vy,x) < a,d(up_1,x) +bhd(vy_1,x) +chd(va_1,vn)
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with @], + b}, 4+ ¢}, < A < 1. From the contractive condition, we have that

d(f(x2n-2,¥2n-2),8(*2n—1,Y20-1))

< p1(Yn)d(Sxan—2,Txon-1) + p2(¥a)d(Sy2n—2, Ty2n-1)

+q()d(f (xan-2,Y2n-2), Sxan—2) +1(¥a)d(g(x2n—1,Y2n-1), TX2n—1)
+1 () [d(f (x2n—2:Y20-2), Tx2n—1) + d(8(xX2n—1,Y20-1),Sx2n-2)],

where ¥, = (X212, Y202, X201, Y2n—1),

d(uzn—1,u2n) < p1(W)d(uzn—2,u20-1) + p2(%)d(van—2,van—1) + q(Vn)d(uan—1,u20-2)
+7(V)d (uzn, uzn—1) +1(Yn)d (t2n, t2n—2)

P1(%)d(uan—2,u2n—1) + p2(¥a)d(van—2,van—1) + q(¥n)d(Uan—1,u2n2)
+r(Y)d (uan, uzn—1) +1 (V) [d (t2n, u2n—1) +d(uzn—1,u20-2)]

IN

(p1+q+1) (1) (%)
(22) d(”Zn—thn) < 1— (V+t)(7n) d(u2n—lau2n—2) + md(\/zn—bvbz—l)
and
(23) (P1+q+1) (1) p2(1)

I=(r+0)(h) 1=+ ~

From the contractive condition

d(f(x2n,y2n),8(X2n—1,Y2n-1))

< p1(6n)d(Sxon, Txan—1) + p2(6u)d(Sy2n, Tyan—1)
+q(8,)d(f (x21,Y2n) s Sx20) + 1(80)d (g (X20n—1,Y20—1), TX2n—1)
+1(8n) [d(f (X205 Y20), TX2n-1) + d(g(X2n—1,Y20-1) SX2n)]

where 8, = (X2n, Y21, X201, Y2n—1)-

d(uzn,uzn1) < p1(6p)d(uan,u2n—1) + p2(8n)d (van, van—1) + q(0n)d (uzp+1,u24)
+r(6n)d (uzn, tan—1) +1(0n)d(U2n+1,u20-1)

P1(0n)d (uan, u2n—1) + p2(8n)d(van,van—1) + q(0n)d (Uan+1,u2s)
+1(8n)d (uzn, tan—1) +1(0n)d (un 11, un) + d(uzn, u2n-1)},

IN

p2(6n)
=g @)

4 dlugmiiansy) < PTG

=7 (6]—}—2‘)(&,) d(u2n717u2n>+
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and

(p1+7+1)(0n) P2(6n) <
1=(g+1)(8,) 1—(q+1)(8:) ~

Hence, from (22)-(25), Vn € N, Je,, f,, > 0, such that

(25)

(26) d(un—lvun) < end(un—Zaun—l) ‘|‘fnd(vn—27vn—l)a €n +fn < A<l
Similarly, we have
(27) d(vnflvvn) < e;d<un727un71) +fr/1d<vn727vn*1)7 e:l‘l‘f,/, < A<l

The equations (20), (21), (26) and (27) yield the system

;

Up1 < ayity + by + Wy + dnzna
V1 < a;ﬁn + biflvn + C;Wn + d,ana

Wy < enWy_1 +fnzn—17

L Zn < eﬁqwn—l +fyllzn—17
withe, =d, =0,a,+by+cn+dy <A, d,+b,+c)+d, <A, en+ <A, e+ <A A<,
where i, = d(uy—1,x), vy = d(Vy—1,X), Wy = d(ty—1,u,) and 7, = d(vy,—1,v,). From Lemma

1.8, we have that iy, 7, — 0 and so, by implication {u, } and {v,} converge both to x.

We have the following corollaries which extend the results of Abbas et al. [18] to four maps

with w-compatibility replaced with w*-compatibility thus improving their results.
Corollary 2.2. Let (X,d) be a cone metric space, f: X xX - X, g: X xX —=X,5: X —>X
and T : X — X be four mappings such that f(X xX) C T(X), g(X xX) C S(X) and

(28) d(f(X,y),g(M,V>) < h1U+h2V7 hl +h2 < 17

where
U,V € {d(Sx,Tu),d(Sy,Tv),d(f(x,y),Sx),d(g(u,v),Tu),
sld(f(x,y), Tu) +d(g(u,v), Sx)]}

for all x,y,u,v € X. If one of f(X xX), g(X xX), S(X) or T(X) is a complete subspace of

(29)

X, then {f,S} and {g,T} have a unique coupled coincidence point in X. Moreover, if {f,S}

and {g,T} are w*-compatible, then f, g, S and T have a unique coupled common fixed point
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(u,u) € X x X and for every (xo,y0) € X X X, the sequences {x,}, {yn}, {un} and {v,} defined
by

f(xon—2,y2m—2) = Txop—1 1= Up_1,

(30) fan—2,%n-2) = Tysn—1 :=Von—1,
)
)

8(X2n—1,Y2n—1) = Sx24 1= U2y,

8(yan—1,X2n-1) = Syan 1= van,
converge each tou € X.

Proof.
U,V € {d(Sx,Tu),d(Sy,Tv),d(f(x,y),Sx),d(g(u,v),Tu),
3ld(f(x,y), Tu) +d(g(u,v),Sx)]}

implies that

MU +hV = pi(x,y,u,v)d(Sx,Tu)+ pa(x,y,u,v)d(Sy, Tv)
+q(x,y,u,v)d(f(x,),8x) + r(x,y,u,v)d(g(u,v), Tu)
+1(x,y,u,v)[d(f(x,y), Tu) +d(g(u,v),Sx)]

for all x,y,u,v € X, where p1,py,q,r: X* — {0,h,hy} and 1 : X* — {0, %, %} are chosen such

that [(p1 + p2+q+7r+2t)(x,y,u,v)| =h; +hy < 1.
It follows that f,g,S and T satisfy the contractive condition of Theorem 3.1 , hence, they have

a unique common fixed point.

Corollary 2.3 Let (X,d) be a cone metric space, f: X xX - X, g: X xX —X,S:X — X and
T : X — X be four mappings such that f(X x X) C T(X), g(X xX) C S(X) and

d(f(x,y),g(u,v)) < p1d(Sx,Tu)+ p2d(Sy,Tv)+qd(f(x,y),Sx) +rd(g(u,v),Tu)
+t[d(f(x,y), Tu) +d(g(u,v),Sx)]

€1y

forall x,y,u,v € X, where py,pa2,q,r,t €[0,1) and p1 +pr+q+r+2t < 1.

Ifone of f(X xX), g(X xX), S(X) or T(X) is a complete subspace of X, then { f,S} and {g,T }
have a unique coupled coincidence point in X.

Moreover, if {f,S} and {g,T} are w*-compatible, then f, g, S and T have a unique coupled

common fixed point (u,u) € X x X and for every (xp,y0) € X x X, the sequences {u,} and {v,}
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defined by

X2n—2,Y2n— Txpp—1 = uzp—1

[ 1( ) =

32) f2n—2,X%n-2) = Tyon—1 1= vau—1
)
)=

S 2n «— U

8X2n—1,Y2n—1

(
(

8\V2n—1,X2n—1

L Syon :=Vvay

converge each tou € X.
A weaker version of this corollary was proved in [19] via product cone metric spaces.

Remark 2.4. (a) The substitutions made to obtain the existence results were also made by the
authors in [20] and [21] for two maps satisfying a less general contractive condition.
(b) The importance of the use of Lemma 1.8 should be stressed. The existence of a common
coupled fixed point of the four maps in Theorem 2.1 is guaranteed when the case x=yand u =v
is linked to Theorem 1.9.. However, such substitution restricts the iterative schemes considered
in (15) to lie in the main diagonal, from a starting point xo € X. Indeed, the sequences {u, } and
{x,} defined by

xg € X,

S (xan—2,%2n—2) = Txop—1 := Uon—1,

8(Xon—1,%2n—1) = Sxon := Uton,
would then converge each to x* € X, where (x*,x*) is the common coupled fixed point. The use
of the lemma of convergence gives a higher degree of freedom to the iterative scheme and the

initial point (xg,yo). By the lemma, it is shown in the proof of Theorem 2.1 that the sequences

{un}, {vn}, {xn} and {y,} defined by

Txzp—1 :=uzp—1,

Wi

(X2n-2,y2n-2) =

Jan-2,%2n-2) = Tyan—1 := van-1,
) =
) =

8\ X2n—1,Y2n-1 SXop = Uop,

(
g(yZn 1,X2n—1 Syan = von,

\
where (xo,yo) is any element in X x X, converge each to x* € X, despite the fact that the se-

quences {(uy,v,)} do not belong to the main diagonal.

The following example is given to stress the theorem and the remark.
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Example 2.5. Let E=R?, P = {(x,y) €E:x,y >0}, X =R and d : X x X — E defined
by d(x,y) = (|x —y|,|x —y|). Consider the maps f,g: X xX — X and S,7 : X — X de-
fined by f(x,y) = g(x,y) = x+2y and S(x) = T(x) = 2x. These maps satisfy the conditions of

Theorem 3.1 with py(x,y,u,v) = p2(x,y,u,v) = % and g(x,y,u,v) = r(x,y,u,v) =t(x,y,u,v) =

0. Their common coupled fixed point is (0,0). The sequences (15) which can be written
(

w1 = Xouo1 = Flxon—2+2y24-2),
1 1
Von—1 = Yon—1 = gl2xon—2+Yy2m-2/,
? " " ?[ " = converges to (0,0) for any xg,yp € X.
sUon = Xop = glXon-1+2y2m-1),
L v = v = 2% 1y,

A MATLAB script ylelds up6 = 0.0000 and v, = 0.0001 for xy = 41 and yg =
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