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Abstract

This study applies constructal theory to conduct a

numerical optimization of three‐dimensional cylind-

rical microcooling channels with the solid structure

subjected to internal heat generation. The cylindrical

channels are designed as variable cross‐section con-

figurations that experience conjugate heat transfer and

fluid flow, where water is used as the coolant. The

research aims to optimize the channel configurations

subject to a fixed global solid material volume con-

straint. The key objectives are to minimize the global

thermal resistance and friction factor. The coolant is

pushed through the channels by pressure drop re-

presented as Bejan number. The main design para-

meters are the inlet and outlet diameters at a given

porosity. The channel configuration and the structure

elemental volume are permitted to change to find the

best design parameters that minimized thermal re-

sistance and friction factor, so that the cooling effect is

enhanced. An ANSYS FLUENT code is used to obtain

the best optimal parameter of the configuration that

enhances thermal performance. The influence of Bejan

number on optimized inlet and outlet diameters led to
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minimization of thermal resistance and friction factor

and maximization of Nusselt number. The results show

distinctive optimal inlet and outlet diameters that en-

hance the overall performance of the system in the

range of d L1.018 × 10 ( / ) 1.5381 × 10−2
in opt

−2≤ ≤ and

d L1.0838 × 10 ( / ) 1.6134 × 10−2
out opt

−2≤ ≤ ,

respectively.

KEYWORD S

Bejan number, constructal theory, maximized Nussselt number,
minimized friction factor, minimized thermal resistance,
optimization

1 | INTRODUCTION

High‐power electronic equipment and heat exchangers are heat‐generating devices commonly
used in power, air‐conditioning, process engineering, electronic, automobile, airspace, and
atomic energy industries. Overheating and thermal stresses always occur due to heat genera-
tion in these devices, which causes the failure of the system due to the exceeded temperature
limit specified by the manufacturers.

Therefore, there is a need to optimally design this heat‐generating device in such a way that
the structural geometry is optimized to ensure that the specified temperature limit is main-
tained. For instance, when designing an array of electronic chips, it is required to arrange the
electronic chips into a fixed volume surface or set an array of cooling channels into a specified
volume without surpassing the specified temperature threshold. This enhances system thermal
performance.

Constructal theory and design1–11 is an evolutionary design method for the flow ar-
chitecture and thermal performance of the cooling channels. This design philosophy is
centered on the principle of objectives and constraints that can be used in searching for
the configuration of the cooling channel arrangements that will offer the least flow re-
sistance and enhanced system performance. This method has been summarized and put as
a constructal law.1,2

Constructal design has been used in biological sciences, social organizations, physics, and
engineering for the design of flow systems.12–27 For example, in engineering problems, con-
figuration dimension is not known in advance before the optimization begins. It has to be
determined optimally, so that the system performance is enhanced.

Bejan and Sciubba20 started applying this theory and method of asymptotes to opti-
mizing the space between parallel plates and channels that enhance the thermal perfor-
mance in a volume of heat‐generating components. Bello‐Ochende and co‐authors28,29
applied constructal theory to carry out research on the optimization of three‐dimensional
microchannels with a uniform heat flux. They examined and predicted optimal config-
urations of the cooling channels. The studies were later extended and optimized by in-
serting pin fins in the microchannel heat sink while the length of the channel was
unfixed.30
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Also, the shapes and size of channels of different shapes and geometries at constant
wall temperatures for laminar convective heat transfer and flow were optimized.31 The
researchers derived approximate equations that described the beahvior and optimal
performance of the system. The constructal theory was used to optimize shaped cavities
that are intruded into a heated solid wall so that thermal resistance is minimized.32,33

Lorenzini and coworkers34,35 optimized the evolved Y‐shaped intrusion in a conducting
wall between the solid and the cavities that influenced thermal performance in the
cavities.

Furthermore, the theory was used analytically to optimize different shapes of cooling
channels.36 Xie and colleagues37 investigated a numerical optimization of integrated
Y‐shaped bifurcation plates that enhanced thermal and fluid flow performances with a
minimum pressure drop.

This current research is an extension of past works38–40 on the application of this
theory, where it was shown that the minimized peak temperature was influenced by
geometric configurations. The present configuration is considered based on our desire to
find the effect of variable cross‐section on minimized peak temperature. The objective is
to enhance the performance of the microcooling system. The work aims to investigate
three‐dimensional laminar forced convection in the microchannel. The point of interest is
to optimize an array of variable cross‐sectional configurations of cylindrical cooling
channels in a fixed global volume of a solid structure undergoing a uniform internal heat
generation.

The current approach involves building and optimizing smaller constructs to a larger
construct body that minimizes thermal resistance and friction factor.

.

FIGURE 1 Three‐dimensional parallel cylindrical variable cross‐sectional channels across a solid body with
internal heat generation [Color figure can be viewed at wileyonlinelibrary.com]
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2 | COMPUTATIONAL MODEL

Figure 1 shows the schematic geometrical configuration under consideration. It is a three‐
dimensional solid body of a fixed global volume and length (L) experiencing internal heat
generation. This structure comprises parallel cylindrical microchannels of variable cross‐
sectional areas. The structure is cooled by pushing water through channels at different values of
Bejan number (Be) to decrease the maximum wall temperature at every hot spot within the
volume. The fluid is assumed to be a single‐phase, steady, incompressible, and Newtonian with
constant properties, negligible viscous dissipation, and radiative heat transfer. The heat dis-
tribution inside the structure is symmetrical, and thus helps to save computation time. Figure 2
shows the elemental volume, which consists of a cylindrical cooling channel of a variable

(A)

(B)

.

.

FIGURE 2 Computational domain of the elemental volume with boundary conditions: (A) d d>in out and
(B) d d<in out [Color figure can be viewed at wileyonlinelibrary.com]
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cross‐sectional region and the surrounding solid wall. The elemental cooling channel con-
straints are considered to be composed of unequal inlet diameter din and outlet diameter dout.
The analysis is a conjugate heat transfer within the entire system.

The porosity of the unit volume of the structure is expressed as follows:

ϕ
v

v
= ch

el

(1)

where

v
π

d d d d L d d=
12
( + + ) ,ch in

2
in out out

2
in out≠ (2)

din and dout are the inlet and outlet diameters of the channel, respectively. vel is the ele-
mental volume of the solid structure, defined as follows:

v w L w h= , = ,el
2 (3)

The global volume of the solid body is expressed as follows:

V = HWLs (4)

The objective is to determine the best inlet diameter din and outlet diameter dout that offer
the minimum resistance to heat transfer (thermal resistance) and fluid flow (friction factor),
thus enhancing the optimal performance of the system.

Figure 3 shows the discretized computational domain of variable cylindrical configuration.
The governing equations and boundary conditions used for solving the problem are expressed
in Equations (5)–(14) as follows:

v = 0∇⋅→ (5)

ρ P μ( v v ) = − + vf f
2→⋅∇→ ∇ ∇ → (6)

FIGURE 3 Computational domain discretization for a variable cylindrical cooling channel [Color figure can
be viewed at wileyonlinelibrary.com]
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ρc T k T( ) ( v ) =p f f
2→⋅∇ ∇ (7)

The energy equation for a solid body is given as follows:

k T q+ ′′′ = 0s s
2∇ ̇ (8)

where
k = 148W/mKs is for silicon material of the solid structure.
The boundary condition at the solid–fluid interface is given as follows:

k
T

n
k

T

n
=s f

∂

∂

∂

∂
(9)

The channel wall no‐slip condition is as follows:

v = 0→ (10)

The inlet temperature and pressure boundary conditions are defined in Equations (11) and
(12) as follows:

T T= in (11)

P
Beαμ

L
P= +in 2 out (12)

where Be is the Bejan number characterizing the laminar flow in the microchannel.41–43

The outlet temperature and pressure condition are

P P=out atm (13)

The solid body boundaries are expressed as follows:

T = 0∇ (14)

One of the objective functions is the minimum thermal resistance R( )min :

R
k T T

q L
=

( − )

‴

f in

s

min
max min

2̇
(15)

It is a function that optimized din and dout and minimized peak temperature.

3 | NUMERICAL TECHNIQUE

To find the optimal configuration that minimizes the global thermal resistance and friction
factor, the channel length, Bejan number, and porosity are fixed. The inlet and outlet diameters
with the elemental volume vary with respect to the fixed porosity. The numerical solution for
Equations (5)–(14) is achieved using a commercial ANSYS FLUENT code44 for the simulation.

The code is based on a finite‐volume method that converts the partial differential
equations into discrete algebraic equations by the discretization of the computational
domain. The technique has been documented in Reference [45]. A second‐order upwind
scheme is used to discretize the diffusion convection effects in the momentum and energy
equations. The SIMPLE algorithm is used to simulate the coupled pressure–velocity fields
of the transport equations. The solution converges when the normalized residuals of the
continuity and momentum equations fall below 10−6 and are lower than 10−10 for the
energy equation.
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4 | GRID INDEPENDENCE TEST AND VALIDATION

Grid independence and sensitivity tests are performed for various elemental volumes and
porosities for results accuracy. The convergence criterion for the grid independence is as
follows:

γ
R R

R
=

( ) − ( )

( )
0.01

i i

i

−1
≤ (16)

where i and i − 1 are the mesh indices for current and previous iterations, respectively. The
i − 1 mesh is chosen when Equation (16) is fulfilled.

The grid independence test for variable cross‐section configuration with w h= = 4 ×

d d L Be10 m, = 2 × 10 m, = 1.5 × 10 m, = 0.01 m and = 5 × 10−4
in

−4
out

−4 10 is shown in
Table 1. The computational cell density of 288,564 fulfills the convergence criterion; therefore, any
increase has a negligible effect on the result.

This current numerical code is compared and validated with a previous research solution of
the problem considered and reported by Qu and Mudawar18 at q ′′ = 100W/cm3 and
200 Re 1600≤ ≤ . Figure 4 shows that the predicted curves have a similar trend with an error
margin below 2%.

5 | NUMERICAL RESULTS AND DISCUSSIONS

5.1 | d d>in out Case1 when d d>in out and Case 2 when d d<in out

In this section, both cases have the same elemental channel volume and are allowed to vary in
the range of d5 × 10 m 3 × 10 m−5

in
−4≤ ≤ and d5 × 10 m 3 × 10 m−5

out
−4≤ ≤ . The elemental

volume of the structure also changes with respect to the elemental channel volume with fixed
porosity ϕ= 0.2. Also, the axial length of the configuration L= 0.01 and applied Bejan number
Be= 5 × 1010 are fixed. The internal heat generation is 10 W/m8 3 and the inlet temperature of
working fluid is 300K.46

Figures 5–8 show the maximum wall temperature against the channel inlet and outlet
diameters, channel volume, and elemental volume when d d>in out and d d<in out for
prescribed Bejan number and porosity. When the configuration design parameters in-
crease, the peak temperature decreases until it gets to optimal values, and any further
increase in design variables increases the peak temperature. At this point, the working
fluid has been adequately engaged for the cooling of the solid substrate. The results

TABLE 1 Grid independence study for the variable cross‐section cylindrical configuration
with w h d d L Be= = 4 × 10 m, = 2 × 10 m, = 1.5 × 10 m, = 0.01 m and = 5 × 10−4

in
−4

out
−4 10

Number of nodes Number of cells Number of faces R γ =
R R

R

( ) − ( )

( )

i i

i

−1

162,740 136,500 435,280 0.0000658386 –

262,992 230,961 724,406 0.0000703098 0.063593

326,899 288,564 903,463 0.00007083 0.007344

535,664 479,573 1,494,132 0.0000724302 0.022093
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indicate that the optimal configuration arrangements should be very small to maintain
enhanced cooling. The curves further reveal that the thermal performance of the mi-
crosystem is enhanced when d d<in out for the same channel volume and elemental vo-
lume, as can be clearly seen in Figures 7 and 8.

FIGURE 4 Comparison of the present study with Qu and Mudawar18 [Color figure can be viewed at
wileyonlinelibrary.com]

FIGURE 5 Effect of inlet and outlet diameter, d d>in out, on the maximum wall temperature [Color figure
can be viewed at wileyonlinelibrary.com]
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5.2 | Response surface optimization

A response surface optimization (RSO) tool whose process is based on the response surface
methodology (RSM) is used for the optimization. The details of this method can be found in
References [30,47,48]. The RSO is used to find the optimal parameters that make the system
perform most efficiently.

FIGURE 6 Effect of inlet and outlet diameter, d d<in out, on the maximum wall temperature [Color figure
can be viewed at wileyonlinelibrary.com]

FIGURE 7 Effect of channel volume, vc, on the maximum wall temperature [Color figure can be viewed at
wileyonlinelibrary.com]
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To achieve our objective function, a response surface is designed; that is, a number of
design of experiments (DOE) are carried out, and in each DOE, the response of interest is
measured for specified settings of the design. The optimization then searches for design
candidates and later determines the minimized objective functions with the corre-
sponding optimal design variables. Equation (17) shows the design variables ranges for
the optimization:

d d ϕ

h w f d d ϕ Be

5 × 10 m 3 × 10 m, 5 × 10 m 3 × 10 m, = 0.1, 0.2,

= = ( , , ), = 10 to 5 × 10

−5
in

−4 −5
out

−4

in out
10 10

≤ ≤ ≤ ≤
(17)

Figure 9 presents the graph of minimized, global, dimensionless thermal resistance
against the Bejan number and porosity. The result indicates that the minimized thermal
resistance decreases as the Bejan number and porosity increase. Also, Figures 10–12
display curves of the optimal design variable behaviors against the applied Bejan number
and porosity. In Figure 10, the optimal inlet and outlet diameters decrease as the Bejan
number increases. There is a distinctive optimal configuration for given Bejan numbers
that minimizes the wall peak temperature. Figures 11 and 12 depict the behavior of
optimal channel diameter ratio d d( / )in out opt and optimized channel‐to‐channel spacing
ratio s s( / )1 2 opt. The two variables are insensitive to the cooling enhancement, irrespective
of the Bejan number and porosity. Their values approach unity for different Bejan
numbers. These show that the inlet diameter and outlet diameter are almost equal, and
the configuration approaches that of constant cross‐section. Also, the s s( / )1 2 opt constant
ratio can be seen as the values that will take care of the allowable wall thickness between
the channels due to manufacturing constraints. These are adequate for the entire system
to cool effectively.38

FIGURE 8 Effect of elemental volume, vel, on the maximum wall temperature [Color figure can be viewed
at wileyonlinelibrary.com]

10 | OLAKOYEJO ET AL.

http://wileyonlinelibrary.com


5.3 | Friction factor and pumping power calculations

The second objective function considered here is the minimized friction factor ( fmin ). This is
numerically investigated for different Bejan numbers and porosities to evaluate its influence on
the heat transfer fluid using Equation (18):

f
π ρ P

m

d

L
=

8

Δ

˙

( )
min

2

2

in opt
5

(18)

where ṁ is the mass flow rate

FIGURE 9 Effect of Bejan number on the minimized thermal resistance [Color figure can be viewed at
wileyonlinelibrary.com]

FIGURE 10 Effect of Bejan number on the optimized channel diameters, d dandin out [Color figure can be
viewed at wileyonlinelibrary.com]
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Figure 13 represents the effect of Bejan number on the friction factors. It shows that the
minimized friction factor decreases as the Bejan number increases at given porosities. Also,
when comparing Figures 9 and 13, it is observed that the decrease in minimized global thermal
resistance is much higher than the decrease in the minimized friction factor as porosity and
Bejan number increase. This behavior shows that the working fluid is efficient and effective for
the entire cooling system.

FIGURE 11 Effect of Bejan number on the optimized inlet and outlet diameters ratio [Color figure can be
viewed at wileyonlinelibrary.com]

FIGURE 12 Effect of Bejan number on the optimized channel‐to‐channel spacing ratio [Color figure can be
viewed at wileyonlinelibrary.com]
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Also, the required pumping power, which is characterized by energy consumption in
evaluating the performance of the cooling channel, is calculated as follows:

V P(Power) = ˙ ΔPump (19)

where V ̇ is the volumetric flow rate.

FIGURE 13 Effect of Bejan number on the minimized friction factors [Color figure can be viewed at
wileyonlinelibrary.com]

FIGURE 14 Effect of Pumpimg Power on the minimized thermal resistance [Color figure can be viewed at
wileyonlinelibrary.com]
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Figure 14 shows the influence of pumping power on thermal resistance at different por-
osities. It is important to know that pumping power and thermal resistance compete with each
other: as the pumping power increases, minimized thermal resistance decreases significantly.
This leads to a greater pressure drop and flow rate. The heat transfer enhancement is im-
portant, but higher pressure drop across the channel increases undesirably, leading to pumping
power increment and higher energy consumption.

5.4 | Nusselt number calculation

Another important criterion considered in this study for thermal performance evaluation is the
average Nusselt number (Nu), which characterizes the improvement of heat transfer. The
maximized average Nusselt number is expressed as follows:

Nu
h d

k
=

( )

f
max

in opt (20)

where h is average heat transfer coefficient expressed as follows:

h
q L

T T
=

˙

( − )
s
′′′

w in

(21)

and Tw is the area‐weighted average wall temperature.
Figure 15 shows the graph of the average Nusselt number against the Bejan number at

different porosities. As the Bejan number and porosity increase, the average Nusselt number is
maximized. Although the maximized average Nusselt increases as the Bejan number and
porosity increase, it may not necessarily correspond to the best performance of the system.
From the perspective of microelectronic cooling, it is essential to keep the maximum wall

FIGURE 15 Effect of Bejan number on the maximized average Nusselt numbers [Color figure can be
viewed at wileyonlinelibrary.com]
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temperature less than the temperature specified by the manufacturers. This is why the thermal
resistance that accounts for maximum wall temperature is used as the criterion to evaluate the
best thermal and fluid flow performance of the system.

6 | COMPARISON BETWEEN RESULTS OF VARIABLE
CROSS ‐SECTION AND CONSTANT CROSS ‐SECTION
COOLING CHANNEL

Figure 16 reveals the optimal performance of the variable cross‐section and constant cross‐section
microchannel configurations at different Bejan numbers and porosities. The results indicate that the
thermal performance of the channel with variable cross‐section is slightly better than that of the
constant cross‐section system. The percentage decrease is roughly 2% for all applied Bejan numbers
and porosities. This slight variation is significantly adequate for better cooling of the entire system.

7 | CONCLUSION

This paper applies constructal theory and design to present a numerical geometric optimization
of an array of parallel cylindrical microchannels with the variable cross‐sectional region. The
heat transfer problem is a conjugate with internal heat generation within the solid structure.
The influences of geometric parameters on heat transfer and fluid flow were comprehensively
studied. The numerical results show that as applied Bejan number and porosity increase, the
minimized global dimensionless thermal resistance and friction factor decrease,
whereas maximized average Nusselt number increases. Hence, the performance of heat
transfer and fluid flow of the system is enhanced. Also, there are unique optimal
inlet d L(1.018 × 10 ( / ) 1.5381 × 10 )−2

in opt
−2≤ ≤ and outlet d L(1.0838 × 10 ( / )−2

out opt≤ ≤

1.6134 × 10 )−2 diameters of variable cross‐section configurations for a given Bejan number and
porosity that minimized global thermal resistance and friction factor.

FIGURE 16 Comparison of optimal performance of constant cross‐channel and variable cross‐channel
[Color figure can be viewed at wileyonlinelibrary.com]
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The study reveals that the thermal performance is better when the channel inlet diameter is
slightly less than that of the outlet diameter (d d<in out) for given Bejan number and porosity.
The optimal channel diameter ratio (din/dout)opt and optimal channel‐to‐channel spacing ratio
(s1/s2)opt remain constant as they approach unity value for different Bejan number. This means
they are not sensitive to the system performance, irrespective of the Bejan number. These
constant values of unity obtained could be described as the values that accounted for the
allowable wall thickness between the channels due to industrial constraints and these are
adequate for efficient cooling of the overall system.

Again, it is observed that the decrease in minimized global thermal resistance is much
higher than the decrease in the minimized friction factor as Bejan number and porosity in-
crease. This behavior indicates that the working fluid is efficient and effective for the entire
cooling system.

The study demonstrates that the pumping power and thermal resistance compete with each
other; as the pumping power increases, minimized thermal resistance decreases significantly.
This leads to a greater pressure drop and flow rate, resulting in higher energy consumption.
Moreover, the work shows that the maximized average Nusselt increases as the Bejan number
and porosity increase. This increase in maximized average Nusselt may not necessarily cor-
respond to the best performance of the system from the perspective of microelectronic cooling
due to the fact that it is essential to keep the maximum wall temperature less than the tem-
perature specified by the manufacturers. This is why the thermal resistance that accounts for
maximum wall temperature is used as the criterion to evaluate the best thermal and fluid flow
performance of the system.

Also, the study reveals that the optimal performance of the variable cross‐sectional cooling
channel configuration is slightly better than that of the constant cross‐sectional cooling channel
configuration by 2% for applied Bejan numbers at different porosities. This percentage variation
in thermal resistance is significant and enough for efficient cooling of the entire system.
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NOMENCLATURE
Ach cross‐sectional area of the channel (m2)
As cross‐sectional area of the structure (m2)
Be Bejan number
CP specific heat at constant pressure (J kg J)
CCS constant cross‐section
dh hydraulic diameter (m)
f fluid
f friction factor
h elemental height (m)
h coefficient of heat transfer (W/m2 K)
H structure height (m)
i mesh iteration index
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In inlet
K thermal conductivity (W/mK)
L axial length (m)
max maximum peak
min minimum
N normal

Nu average Nusselt number

Opt optimum
Out outlet

P pressure (Pa)
Pr Prandtl number
q heat transfer rate (W)
q″̇ heat flux (W/m2)
q‴s
̇ internal heat generation (W/m3)

R thermal resistance
Re Reynolds number
s channel–channel spacing (m)
T temperature (°C)
v→ velocity vector (m/s)
vch channel volume (m3)
vel elemental volume (m3)
Vs global structure volume (m3)
VCS variable cross‐section
W structure width (m)
w elemental width (m)
w wall

x, y, z cartesian coordinates (m)
α thermal diffusivity (m2/s)
μ viscosity (kg/m s)
s solid
ρ density (kg/m3)
∂ differential
ϕ porosity
Δ difference
∇ differential operator
γ convergence criterion
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